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Abstract—To sustain Moore’s law, three-dimensional inte-
grated circuit (3-D IC) is a promising solution to achieve
high performance and low cost targets. However, its operat-
ing temperature is higher than that of a 2-D IC because of
its high power density of stacked dies and ill of heat dissipa-
tion capability. Therefore, on-chip thermal effects have become
major concerns of 3-D ICs. Utilizing look-up table approach,
this paper, LUTSim, provides two thermal simulation engines,
I-LUTSim and S-LUTSim, to efficiently calculate the thermal
profile of a 3-D IC. I-LUTSim is suitable for full-chip ther-
mal analysis, and S-LUTSim is suited for incremental-thermal
updating. With utilizing the prebuilt tables, compared with a
commercial tool ANSYS, the absolute error of I-LUTSim is less
than 0.29%. Moreover, with negligible loss of accuracy, I-LUTSim
can be 38.8 times faster than a well-known matrix solver
SuperLU for performing full-chip thermal simulation. Besides,
S-LUTSim can be over 1.05 million times faster than SuperLU for
adjusting the thermal profile after inserting/removing a through
silicon via.

Index Terms—Look-up table, thermal simulator, three-
dimensional integrated circuit (3-D IC).

I. INTRODUCTION

THREE-DIMENSIONAL integrated circuit (3-D IC) has
gained more attention because of its high potential

flexibility in mixed signal design and the capability for het-
erogeneous integration. However, vertical integration increases
the power density and leads to high operating temperatures
degrading the performance and design reliability, such as tim-
ing, leakage power, and uncontrollability of thermal runaway.
Hence, on-chip thermal effects have become major concerns
of 3-D ICs, and many researchers have devoted to developing
thermal-aware optimization engines for early physical design
stages [3], [4].

An efficient thermal analyzer is needed during the thermal-
aware design flow since the thermal profile of design needs to
be simulated numerous times. Hence, lots of advanced thermal
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simulation methods were developed, and they can be classi-
fied into two categories—analytical methods and numerical
methods [5]–[13].

Analytical-based methods build closed forms of spatial
bases and approximate the thermal profile of a design by
using generated bases [5], [6]. They are very efficient because
they do not need to deal with a large linear system. However,
applications of existing analytical methods are limited due to
the homogeneous material assumption on a same discretized
vertical layer.

Numerical-based methods use finite-difference or finite-
element techniques to mesh the target structure into grid
units and then solve a linear system to generate the thermal
profile [7]–[9]. They are more flexible than analytical-based
methods since they can deal with inhomogeneous material
structures. However, an efficient direct/iterative matrix solver
is needed for dealing with millions of unknowns. Since posi-
tions of through silicon vias (TSVs) should be considered in
design stages of 3-D ICs, e.g., floorplanning, placement, and
TSV planning, to rehandle the thermal conductance matrix
for each optimization loop is time consuming [3], [4]. Hence,
their efficiencies might be degraded.

Power blurring is a superposition-based approach that cal-
culates the thermal profile by convolving the power map and
thermal mask [10]–[13]. Given a design with the thermal con-
ductivity being uniformly distributed, its thermal mask can be
presimulated, and its thermal profile can be exactly obtained
by power blurring methods. The thermal conductivity of the
routing layer for a 2-D IC is relatively uniform since dummy
metals are filled to have the denser and uniform metal density
for the chemical-mechanical planarization design rule. With
this manufacturing requirement, the power blurring approach
presents a good approximation and gains significant efficiency
improvement against the commercial tool, ANSYS.

However, as for 3-D ICs, the property of uniform thermal
conductivity cannot be preserved since TSVs pass through the
silicon substrate and the placement of TSVs is nonuniform.
Thus, the accuracy of power blurring is degraded. With the reg-
ular TSV distribution of memory design, Melamed et al. [13]
precalculated the thermal masks for different regions of a
chip and demonstrated the high accuracy of power blurring.
However, the distribution of TSVs is varied after executing an
optimization loop for a logic circuit. To maintain the accuracy,
the thermal mask needs to be resimulated, and the benefits of
power blurring are still depressed.

Due to the efficiency consideration, existing thermal
aware optimization engines in early design stages of
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Fig. 1. Key points of the developed look-up table-based thermal simulator
for early physical design stages of 3-D ICs. S1 is the preprocessing stage and
S2 is the evaluation stage.

3-D ICs [3], [4], adopt coarse grain thermal simulation to
evaluate thermal-related cost functions. Although the coarse
grain thermal analysis is adopted, due to numerous TSVs/gates
movement in optimization iterations, efficient, and accu-
rate thermal analysis and temperature distribution updating
schemes are still required. In this paper, a look-up table-based
thermal simulator, LUTSim, is proposed to provide an effi-
cient coarse grain thermal analysis and temperature updating
scheme for early design stages of 3-D ICs. LUTSim pro-
vides two simulation engines, I-LUTSim and S-LUTSim, for
different applications. I-LUTSim is suitable for full-chip ther-
mal analysis, while S-LUTSim focuses on incremental thermal
updating.

The key concept of LUTSim shown in Fig. 1 is inspired
by static timing analysis for circuits. The timing informa-
tion of each cell/gate is precharacterized and stored in the
library file. Then, timing analysis is efficiently performed via
the table look-up technique. Similarly, in the preprocessing
stage S1, thermal characteristics (unit pulse responses) of the
chip structure with different materials in different stacked lay-
ers and homogeneous material in the same stacked layer can be
precharacterized by detailed thermal simulations. The thermal
effect of nonhomogeneous thermal conductivity in a stacked
layer is treated in the evaluation stage. Based on the power-
thermal relation, we develop a double-mesh scheme to capture
thermal characteristics and store the results in library files.
During the evaluation stage S2, LUTSim utilizes the table
look-up technique to iteratively calculate the full-chip ther-
mal profile. Instead of dealing with the thermal conductance
matrix of a large-scale equivalent thermal circuit or thermal
masks for various thermal conductivities, I-LUTSim provides
the accurate full-chip thermal profile with less computational
time and memory usage. Furthermore, in the preprocessing
stage of S-LUTSim, we also execute detailed thermal sim-
ulations to capture thermal variations (difference responses)
because of thermal conductivity alteration and store the results
in library files. With thermal unit pulse and thermal differ-
ence responses, S-LUTSim uses a superposition-like scheme
to incrementally update the thermal profile.

Our main contributions are as follows.
1) We utilize a double-mesh table technique to capture

the marginal value of thermal response that is usually
neglected [14], and to reduce the runtime complexity.

Fig. 2. Thermal model of a 3-D IC with three tiers for early design stages.

2) I-LUTSim, the proposed full-chip thermal simulation
engine, employs the iterative method, and double-mesh
tables to accurately estimate the full-chip thermal profile
of a 3-D IC. Compared with the existing superposition-
based full-chip thermal simulators, I-LUTSim only uses
a set of homogeneous thermal unit pulse response tables
and does not need to build several table sets with
different thermal conductivity distributions.

3) S-LUTSim, the proposed incremental-thermal simula-
tion engine, integrates the superposition technique, and
double-mesh tables to incrementally capture thermal
variations due to TSVs and macros/cells reallocation in
thermal-aware optimization processes. Compared with
the power blurring approach [13], the developed table-
construction procedure can precalculate thermal charac-
teristics without knowing locations of TSVs. Hence, the
preconstructed tables are reusable even as the placement
of TSVs is modified during the optimization loop.

The rest of this paper is organized as follows. First,
Section II states the problem formulation and power-thermal
relation. Next, the flowcharts and key concepts of the devel-
oped thermal simulator, LUTSim, are presented in Section III.
Then, the look-up table techniques for LUTSim are pre-
sented in Section IV. After that, the experimental results are
given in Section V. Finally, the conclusion is summarized in
Section VI.

II. PROBLEM FORMULATION AND POWER-THERMAL

RELATION

A. Problem Formulation

Fig. 2 shows the physical model of a 3-D IC. The pri-
mary heat flow path consists of the heat spreader, heat sink,
and package. The secondary heat flow path consists of I/O
pads, package substrate, and PCB. The heat transfer coeffi-
cients of primary and secondary heat flow paths are equalized
to hp and hs, respectively [8]. Interconnect layers consist
of wires, vias, and dielectric. Since routing information is
unknown in early physical design stages, an interconnect layer
is modeled as a homogeneous layer with an effective ther-
mal conductivity. Functional blocks of each tier are modeled
as power sources attached to a thin layer (active layer) that
is close to the top surface of silicon bulk or stacked silicon
substrate, and TSVs are placed in the silicon substrate.
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Fig. 3. Discretization. (a) Illustration of a single tier. (b) Each cuboid in (a)
is regarded as a control volume (grid) and modeled as an equivalent thermal
circuit.

Although the transient thermal simulation is important for
the real-time dynamic thermal management with time-varied
workloads, the steady-state thermal profile is more concerned
in early physical design stages. Therefore, this paper focuses
on steady-state thermal analysis. The steady-state heat transfer
equation on a chip can be written as [15]

∇ · (κ(r)∇T(r)) = p(r) (1)

subject to the boundary condition

κ(rb)
∂T(rb)

∂�nb
+ hbT(rb) = fb(rb). (2)

Here, r = (x, y, z) is any arbitrary position on the chip,
κ(r) is the thermal conductivity at r, p(r) is the power density
profile of chip, b is the boundary surface, rb is any arbitrary
position on b, fb(rb) is an arbitrary function, hb is the heat
transfer coefficient on b, and �nb is the outward normal to b.

Since the major portion of device current flows through
the channel, p(r) has nonzero values inside active layers
only, and the thickness of each active layer is equal to
the junction depth of devices. Moreover, for simplicity, the
boundary condition of each vertical surface is assumed to be
adiabatic [16].

Equation (1) can be discretized by the finite difference
method (FDM). As shown in Fig. 3(a), we mesh each dis-
cretized stacked layer into many control volumes (grids).
After that, we use the duality between thermal and electri-
cal quantities [17] to model each control volume, Vi,j,k, to be
a SPICE-compatible equivalent thermal circuit as shown in
Fig. 3(b), and (1) becomes

gx(Ti+1,j,k − 2Ti,j,k + Ti−1,j,k)+ gy(Ti,j+1,k − 2Ti,j,k + Ti,j−1,k)

+ gz(Ti,j,k+1 − 2Ti,j,k + Ti,j,k−1) = −�x�y�z · pi,j,k (3)

where

gx = κx�y�z

�x
, gy = κy�x�z

�y
, gz = κz�x�y

�z
. (4)

Here, i, j, and k are control volume indices along the x-,
y-, and z-directions, respectively. Ti,j,k is the temperature at
the center of Vi,j,k, and pi,j,k is the power density of Vi,j,k.
�x, �y, and �z are the lengths of Vi,j,k along the x-, y-, and
z-directions, respectively. κx, κy, and κz are the effective ther-
mal conductivities of Vi,j,k along the x-, y-, and z-directions,
respectively. gx, gy, and gz are the thermal conductances of
Vi,j,k along the x-, y-, and z-directions, respectively.

Fig. 4. Examples for the lateral locality and local similarity. Thermal unit
pulse responses with inserting a unit power source in the (a) central grid and
the (b) grid next to the central grid. The white window in (a) denotes the
significant portion of thermal unit pulse response.

Fig. 5. Relation between the local lateral region and the heat dissipation capa-
bility of package. hp and hs are 1903.55 and 103.20 (W/m2 ◦C), respectively.
A similar concept was also mentioned in [14] and [19].

Finally, we can obtain the steady-state thermal profile
of a 3-D IC by solving a modified nodal analysis (MNA)
system [18]

GT = p. (5)

Here, G is an N × N thermal conductance matrix. T and p
are two N×1 column vectors that represent the thermal profile
and power profile of control volumes, respectively. N is the
number of control volumes.

B. Properties of Power-Thermal Relation

As shown in Fig. 4, since the effective lateral thermal con-
ductances of grids in a local region are similar, the thermal
unit pulse responses of a unit power source inserted at differ-
ent grids inside a local lateral region have similar waveforms.
We call it the local similarity. Moreover, since the on-chip heat
flow mainly passes through the vertical direction of a chip, the
thermal unit pulse response has significant values in the local
lateral region close to the power source. We call it the lateral
locality as shown in Fig. 4(a), and the range of local lateral
region is related to the heat dissipation capability of package
as illustrated in Fig. 5. The decay rate of thermal unit pulse
response increases as the equivalent heat transfer coefficients
increase, and the marginal value of thermal unit pulse response
is relatively low and can be neglected [14], [19]. However, as
the equivalent heat transfer coefficients decrease, the marginal
value of thermal unit pulse response increases and cannot be
ignored. Since the marginal value distribution of thermal unit
pulse response is smooth, we will propose a double-mesh
technique to effectively capture these marginal values.
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Fig. 6. Flowchart of I-LUTSim.

III. FLOWCHARTS AND KEY CONCEPTS OF LUTSIM

LUTSim provides two look-up table-based thermal simula-
tion engines, I-LUTSim and S-LUTSim, and in what follows
we are going to detail their flowcharts and key concepts.

A. I-LUTSim: Iterative Look-Up Table-Based Full-Chip
Thermal Simulation Engine

The flowchart of I-LUTSim shown in Fig. 6 consists of two
stages. The prestage constructs the thermal unit pulse response
tables, and the evaluation-stage utilizes the constructed tables
to calculate the thermal profile of a chip.

To build the thermal unit pulse response tables, the follow-
ing technology and chip information is required: 1) the silicon
substrate thickness, the silicon bulk thickness, and the TSV
material; 2) the number of tiers and the effective heat transfer
coefficients of heat flow paths; 3) the thickness and effective
thermal conductivities of interconnect layers; and 4) the chip
outline, including chip width and height. In practice, the above
information is available before the floorplanning stage. With
the assumption of TSVs not being inserted, the thermal unit
pulse response tables can be prebuilt and will be detailed in
Section IV-A1.

Given the design information and power profile of a design,
with the thermal unit pulse response tables, I-LUTSim per-
forms an iterative evaluation process that will be described
in Section IV-A2 to effectively estimate the full-chip thermal
profile.

1) Key Concept of I-LUTSim: Since the junction depth is
much thinner than those of silicon substrate and silicon bulk,
while a floorplanner or a placer executes, the thermal conduc-
tivity variation of a tier due to the shifting of macros/cells
can be reasonably ignored [6]. Hence, without considering
TSVs effects, the thermal model of a tier can be character-
ized as a homogeneous-material layer, and we call this chip
a 3-D IC with homogeneous structure. Replacing the thermal
conductance G in (5) with Gh built with the homogeneous
assumption, (5) becomes

GhTh = p. (6)

Here, Gh is the thermal conductance matrix of a 3-D IC
with homogeneous structure, and Th is its thermal profile.

Considering the effects of TSVs, we rewrite (5) as

(Gh +�G) T = p. (7)

Here, �G is the thermal conductance variation matrix
induced by TSVs corresponding to Gh, and we can solve (7)
to have

T = (Gh +�G)−1 p

=
(

I+G−1
h �G

)−1
G−1

h p. (8)

Given Gh stamped by the FDM with setting the uniform
thermal conductivity κhn in the nth stacked layer and satisfying
κhn > κmaxn/2, as shown in Appendix A, T is convergent to

T =
∞∑

i=0

(−1)i
(

G−1
h �G

)i
G−1

h p. (9)

Here, κmaxn is the maximum possible value of thermal
conductivities among all grids in the nth stacked layer.

Truncating the high-order terms of (9), the qth order
approximation of T is defined as

Tq def= m0 +
q−1∑
i=1

mi (10)

where

m0 = Th = G−1
h p (11a)

mi = G−1
h bi−1, as i ≥ 1. (11b)

Here, bi−1 = −�Gmi−1.
Each mi can be recursively calculated by using G−1

h since
mi = G−1

h bi−1 has the same form as Th. The complexity
of directly solving Th from (6) is O(N2), and it is even much
higher to solve (10) due to the recursive procedure. To improve
the efficiency, we use a double-mesh look-up table technique
presented in Section IV-A2 to evaluate Tq.

2) I-LUTSim for Nonfixed Outlines: Since I-LUTSim is
a look-up table-based thermal simulation engine, the chip
outline when we construct thermal tables is fixed. However,
designers might adjust the chip outline to fit some demands
during design stages. Instead of rebuilding a new look-up table,
I-LUTSim transforms the change of outline to the change of
thermal conductivity. For example, given a grid, its thermal
conductance g along the z-direction is

g = κ
lw

h
(12)

where l, w, and h are its lengths along the x-, y-, and
z-directions, respectively, and κ is its effective thermal con-
ductivity along the z-direction.

As its lateral dimensions are changed to l(1 + δl) and
w(1 + δw) along the x- and y-directions, respectively, its
thermal conductance becomes

g′ = κ
l(1+ δl)w(1+ δw)

h
= κ ′ lw

h
(13)

where δl and δw are change percentages, and
κ ′ = κ(1+ δl)(1+ δw) is defined as the transformed
effective thermal conductivity after adjusting the chip outline.

We can also transform its thermal conductance along the
x- or y-directions using the same way. After the transforma-
tion, without rebuilding the look-up tables, we can still apply
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Fig. 7. Key points of the incremental thermal update engine for 3-D ICs.
(a) Thermal unit pulse response of a unit power source without a TSV nearby.
(b) Thermal profile of a unit power source with a TSV nearby. (c) Thermal
difference response.

I-LUTSim to the design with changed outline if κ ′ satisfies
the convergence property shown in Appendix A.

B. S-LUTSim: Superposition-Like Look-Up Table-Based
Thermal Update Engine

Different from the purpose of I-LUTSim, S-LUTSim devel-
oped for incrementally updating the thermal profile requires
a highly efficient algorithm with acceptable accuracy. To
this end, instead of iteratively calculating the thermal profile,
S-LUTSim uses the thermal difference response to capture
and quantify the temperature variations due to inserting/
removing/relocating TSVs.

Fig. 7 exhibits the basic idea of S-LUTSim. First, given a
homogeneous structure with a unit power source at a particular
position, its thermal unit pulse response can be obtained by the
detail thermal simulation as shown in Fig. 7(a). Next, insert-
ing a TSV to an arbitrary position near the power source, its
thermal profile can also be obtained by the detail thermal sim-
ulation as shown in Fig. 7(b). After that, as shown in Fig. 7(c),
the thermal difference response is defined and calculated by
subtracting the thermal unit pulse response shown in Fig. 7(a)
from the thermal profile shown in Fig. 7(b). Consequently,
the thermal characteristic at any point on the chip can be
approximated by using Fig. 7(a) and (c). In short, the ther-
mal unit pulse response seizes the temperature response of
power map, while the thermal difference response captures
the thermal effect of TSVs.

Fig. 8 shows the flowchart of S-LUTSim. Compared with
I-LUTSim, S-LUTSim needs to build additional thermal dif-
ference response tables in the prestage. Besides, since the aim
of S-LUTSim is to incrementally update the thermal profile,
an original thermal profile is assumed to be existed, and it can
be obtained by I-LUTSim or other thermal simulators.

Two cases need to be considered during the incremental
updating stage. As gates/cells are shifted, temperature vari-
ations due to the change of power profile are calculated
by using the thermal unit pulse response tables. Meanwhile,
by using the thermal difference response tables, the effect
of TSVs that are adjacent to the shifted gates/cells is cap-
tured by utilizing the superposition-like look-up table-based
approximation technique. As TSVs are shifted, only tem-
perature variations because of the shifted TSVs need to
be computed by using the superposition-like look-up table-
based approximation technique. Finally, S-LUTSim reports the
updated thermal profile after summing up the above results.

How to incrementally update the thermal profile will be
detailed in the following subsection, and how to effectively

Fig. 8. Flowchart of S-LUTSim.

realize this incremental updating scheme will be presented in
Section IV-B.

1) Incremental Thermal Updating Scheme: Before showing
the incremental thermal updating scheme of a 3-D IC, let us
first introduce how to incrementally update the thermal profile
of a given 3-D IC with homogeneous structure after modifying
its thermal conductivities of several grids.

According to (6), we have

Th = G−1
h p =

∑
i∈Sp

piG
−1
h 1i =

∑
i∈Sp

piT
1i
h (14)

where

T1i
h

def= G−1
h 1i. (15)

Here, pi is the power value at grid i, Sp is the set of grids hav-
ing power sources, and 1i is an N×1 indicator vector with the
ith component 1 and everywhere else 0. T1i

h is the thermal unit
pulse response of 3-D IC with homogeneous structure induced
by a unit power source at grid i and can be precalculated.

Given a 3-D IC with the homogeneous structure except that
the thermal conductivity of grid j is replaced by κj, we can
obtain its thermal profile by solving

Tκj = G−1
κj

p =
∑
i∈Sp

piG−1
κj

1i (16)

where Gκj is the thermal conductance matrix that has a
different thermal conductivity in grid j compared with Gh.

With (14) and (16), we define the thermal difference profile
induced by κj and calculate it as follows:

�Tκj

def= Tκj − Th =
∑

i∈Sp,κj

pi�T1i
κj
. (17)

Here, �T1i
κj

def= �G−1
κj

1i is the thermal difference response
of grid j with a unit power source inserted in grid i,

�G−1
κj

def= G−1
κj
− G−1

h , and Sp,κj is the set of grids having

power sources and �T1i
κj 	= 0.

Since �Tκj is a function of κj and pi’s, we cannot com-
pute it before knowing the design information. Without the
detailed placement, we will develop a systematic approach
strategy stated later in Section IV-B1 to preconstruct a set of
�T1i

κj ’s and use them to compute �Tκj .



LEE et al.: LUTSIM: A LOOK-UP TABLE-BASED THERMAL SIMULATOR FOR 3-D ICS 1255

With (14) and (17), we can apply the superposition tech-
nique to estimate the thermal variation profile, T�κ . The
underlying concept is to consider the thermal variation pro-
file contributed by the change of thermal conductivity in each
grid individually, and sum up all of them to approximate T�κ

T�κ ≈
∑
j∈Sκ

�Tκj =
∑
j∈Sκ

∑
i∈Sp,κj

pi�T1i
κj
. (18)

Here, Sκ is the set of grids that their thermal conductivities
are modified.

After that, we approximate Tκ as follows:

Tκ ≈ Th + T�κ. (19)

Now, let us consider a modified 3-D IC design. Its modified
thermal profile should satisfy

G̃T̃ = p̃. (20)

Here, T̃ = T+�T̃, G̃ = G+�G̃, and p̃ = p+�p̃. G̃, T̃,
and p̃ denote the thermal conductance matrix, thermal profile,
and power profile of design after modification, respectively. G,
T, and p are the thermal conductance matrix, thermal profile, and
power profile of design before modification, respectively. �G̃,
�T̃, and �p̃ are the variations of thermal conductance matrix,
thermal profile, and power profile of design, respectively.

To concisely present the thermal updating scheme, the
power profile is assumed to be no variation. In the end of this
section, we will use an example to show how to incrementally
update the thermal profile of a 3-D IC that also includes the
variation of power profile.

To calculate �T̃, first, we rewrite �G̃ as

�G̃ =
∑
j∈Sκ

�G̃κ̃j . (21)

Here, �G̃κ̃j

def= G̃κ̃j − G, G̃κ̃j is the thermal conductance
matrix having the different thermal conductivity in grid j
compared with G. Then, the thermal variation induced by
�G̃κ̃j is

�T̃κ̃j = T̃κ̃j − T (22)

where T̃κ̃j is the thermal profile related to the thermal conduc-
tance matrix G̃κ̃j .

To simplify the calculation, we approximate �T̃κ̃j by
assuming the homogeneous structure except that the thermal
conductivity in grid j is the same as in G̃κ̃j or G as follows:

�T̃κ̃j ≈ Tκ̃j − Tκj

= (Tκ̃j − Th)− (Tκj − Th)

= �Tκ̃j −�Tκj . (23)

Using (18) and (23), we can estimate �T̃ as

�T̃ ≈
∑
j∈Sκ

�T̃κ̃j

≈
∑
j∈Sκ

(�Tκ̃j −�Tκj)

=
∑
j∈Sκ

∑
i∈Sp,κj

pi

(
�T1i

κ̃j
−�T1i

κj

)
. (24)

Fig. 9. Examples of the incremental thermal updating scheme. (a) Gate
shifting. (b) TSV shifting. Grids m and n with black color have TSVs passing
through.

Finally, we have

T̃ ≈ T+�T̃. (25)

Since S-LUTSim focuses on the incremental updating, only
few of grids have changed their thermal conductivities. It
implies |Sκ | � N. Moreover, because of the lateral local-
ity property, S-LUTSim only needs to calculate pi�T1i

κ̃j
and

pi�T1i
κj when grid j is in the local region of power source i. It

implies |Sp,κj | � N. Therefore, S-LUTSim can incrementally
update the thermal profile efficiently.

Utilizing the above superposition-like concept, S-LUTSim
can incrementally update the thermal profile after shifting
functional blocks or TSVs of a design, and the updated thermal
profile Tupd becomes

Tupd = Torig +
(

Tupd − Torig
)

= Torig +
(

Tupd
h + Tupd

�κ̃

)
−

(
Torig

h + Torig
�κ

)

= Torig +
(

Tupd
h − Torig

h

)
+

(
Tupd

�κ̃ − Torig
�κ

)
. (26)

Here, Torig is the thermal profile before shifting gates or
TSVs. In (26), the second term on the right hand side is the
thermal variation of homogeneous structure induced by the
change of power profile. The last term is the thermal difference
variation of nonhomogeneous structure induced by the change
of thermal conductivities and power profile.

Fig. 9(a) illustrates an example of gate shifting. After shift-
ing a gate g from grid i to grid k, S-LUTSim estimates Tupd

by using (14), (18), and (26) as follows:

Tupd = Torig +
(

pk(g)T1k
h − pi(g)T1i

h

)
− pi(g)�T1i

κm
. (27)

Here, pi(g)/pk(g) is the power of gate g in grid i/k. First,
pi(g)T1i

h and pk(g)T1k
h are subtracted from Torig and added to

Tupd, respectively, since gate g has been moved from grid i
to grid k. After that, pi(g)�T1i

κm is deducted since gate g has
been moved out of the local lateral region Wp of grid m.

While we shift a TSV from grid m to grid n as shown
in Fig. 9(b), only the thermal conductivities of grid m and
grid n are changed. Hence, S-LUTSim only uses the thermal
difference responses to update the thermal profile.
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Fig. 10. Establishing process of fine-mesh and coarse-mesh thermal unit pulse
response tables. Steps in the dashed line rectangle are used for coarse-mesh
tables.

IV. LOOK-UP TABLE TECHNIQUES FOR LUTSIM

In this section, first, we will detail how to prebuild the
double-mesh thermal unit pulse response tables including fine-
mesh and coarse-mesh tables and how to evaluate the thermal
profile of a design by I-LUTSim in Section IV-A. After that,
we will describe how to utilize the low-rank technique for con-
structing the thermal difference response tables and discuss the
accuracy for S-LUTSim in Section IV-B.

A. Double-Mesh Thermal Unit Pulse Response Table
Techniques for I-LUTSim

1) Look-Up Table Construction Process: Fig. 10 illustrates
the establishing process of double-mesh tables. After putting
a unit power source at grid i (PT1 of Fig. 10), we can
use detail thermal simulation to obtain T1i

h . Because of the
local similarity property, grids inside the same local region
can share the thermal unit pulse response of a unit power
source located at a representative grid. Therefore, to reduce the
memory usage, we only select a small amount of grids as rep-
resentative grids for building the thermal unit pulse response
tables as shown in Fig. 11(a). First, we successively select
the grids around the corner of chip as representative grids.
Then, we uniformly divide the rest area of chip into sev-
eral regions and choose the central grid of each region as a
representative grid.

Furthermore, to save the evaluation stage runtime, based
on the lateral locality property, we extract the significant por-
tion of T1i

h (PT2 of Fig. 10) inside a predefined window W.
Appendix B details a procedure for selecting the window size.
However, the error caused by ignoring the thermal unit pulse
response outside the window W will be accumulated. One way
to reduce the error is by increasing the window size; never-
theless, the efficiency is degraded. As shown in Fig. 4, since
the part of thermal unit pulse response far from the power
source is very smooth, we can construct the thermal unit pulse
response of a coarser mesh with fewer coarse grids to represent
it. The temperature response value of a coarse grid is obtained
by averaging the temperature values of all fine grids inside
that coarse grid. With the fine-mesh and coarse-mesh tables,

Fig. 11. (a) Representative grids. Grids in red color are representative grids.
(b) Table shifting and interpolating process.

we develop a double-mesh look-up table technique to release
the trade-off between accuracy and efficiency. The construc-
tion process of double-mesh tables is illustrated in Fig. 10 and
summarized as follows.

1) First, we insert a unit power source into a representative
grid (PT1 of Fig. 10) and use the detail thermal simula-
tion to generate its thermal unit pulse response (PT2 of
Fig. 10).

2) After that, we divide the chip into a coarse mesh (PT3
of Fig. 10). To avoid double counting, we get rid of
the values inside the window W having the significant
portion of response (PT3-PT4 of Fig. 10), average the
response values of fine grids inside each coarse grid
(PT5 of Fig. 10), and store the results into a coarse-mesh
table (PT6 of Fig. 10).

3) Finally, the temperature values of coarse grids (PT5 of
Fig. 10) inside the window W are subtracted from those
values of fine grids inside the window W, and we store
the results into a fine-mesh table (PT7 of Fig. 10).

Those T1n
h ’s without the prebuilt tables are also needed dur-

ing the evaluation stage. LUTSim provides a table shifting
and interpolation process to approximate them. As illustrated
in Fig. 11(b), grids n1–n4 are those closest representative

grids to grid n. TABn1 –TABn4 are the tables of T
1n1
h –T

1n4
h ,

respectively. By shifting and interpolating these four tables,
LUTSim approximates T1n

h as follows [20]:

TABn =
4∑

i=1

cniTABni . (28)

Here, cni=d−1
i /

∑4
j=1 d−1

j with di=
√

(xn − xni)
2 + (yn − yni)

2.
(xn, yn) and (xni , yni) are the lateral positions at the center of
grid n and grid ni, respectively.

With the table shifting and interpolating process, Th can be
evaluated by the table look-up.

2) Thermal Profile Evaluation Process: Given a 3-D IC
with homogeneous structure and its power consumption pro-
file p, with the fine-mesh and coarse-mesh tables, Fig. 12
exhibits its temperature calculation steps. First, applying the
principle of superposition, its thermal profiles of fine mesh
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Fig. 12. Illustration of the double-mesh look-up table temperature calculation
technique for a 3-D IC with homogeneous structure.

and coarse mesh can be computed as

TF =
∑
i∈Sp

piTABFi (29)

TC =
∑
i∈Sp

piTABCi . (30)

Here, TABFi is the fine-mesh thermal unit pulse response table
induced by a unit power source at the fine grid i, TABCi is
the coarse-mesh thermal unit pulse response table induced by
a unit power source at the fine grid i, and pi is the power
consumption at the fine grid i.

After mapping TC into its corresponding entries in TF and
representing its result as TC→F, the thermal profile of a 3-D IC
with homogeneous structure is

Th = TF + TC→F. (31)

The double-mesh look-up table temperature calculation pro-
cedure for a homogeneous 3-D IC, FiCoTeCa, is shown in
Algorithm 1. The complexity for computing TF and TC is
O(NF|Sp|) and O(NC|Sp|), respectively, and lines 6 and 7 can
be solved in O(N). Hence, the complexity for solving Th is
O((NF + NC)|Sp| + N). Here, NF/NC is the size of a fine-
mesh/coarse-mesh table. NF is much less than N because
of the lateral locality property, and NC can be much less
than NF . The memory/storage usage for double-mesh tables is
O(NFNRg + NCN). NRg is the number of representative grids
and much less than N because of the local similarity property.

Integrating FiCoTeCa and (10) and (11), the thermal pro-
file evaluation algorithm for a 3-D IC with general struc-
ture is shown in Algorithm 2. First, the thermal profile of
a 3-D IC with homogeneous structure, m0, is calculated
by FiCoTeCa in line 2. After that, the thermal profile of
3-D IC is iteratively calculated from lines 4–9. Here, mj

q−1
and Tj denote the jth entry in mq−1 and T, respectively.
The complexity for estimating T up to the qth order is
O((NF+NC)(|Sp|+(q−1)NTSVg)+qN). NTSVg is the number
of grids that have TSVs passing through.

B. Low-Rank Thermal Difference Response Table Techniques
for S-LUTSim

1) Look-Up Table Construction Process: To efficiently
construct the thermal difference response tables, we transform

Algorithm 1 FiCoTeCa(p)
Input:

p: Power consumption profile with each entry being pi
Output:

Th: Thermal profile of a 3-D IC with homogeneous structure
1: TF ← 0, TC ← 0, TC→F ← 0
2: for i← 1 to |Sp| do
3: TF ← TF + piTABFi
4: TC ← TC + piTABCi
5: end for
6: Compute TC→F by mapping TC into TF
7: Th ← TF + TC→F

Algorithm 2 Thermal Profile Evaluation
Input:

p: Power consumption profile
�G: Variation of thermal conductance matrix

Output:
T: Thermal profile of a 3-D IC

1: q← 1
2: m0 ← FiCoTeCa(p)
3: T← m0
4: while (max

j
|mj

q−1/Tj| ≥ ε) do

5: bq−1 ←−�Gmq−1
6: mq ← FiCoTeCa(bq−1)
7: T← T+mq
8: q← q+ 1
9: end while

Fig. 13. Sketch map of approximating the thermal difference response
induced by a κj. �j is the vertical staking grid with TSVs passing through. Since
this paper mainly addresses thermal conductivity variations due to TSVs inser-
tion, the thermal conductivities of vertical stacking grids in silicon substrate
can be considered together.

the effect of TSV to thermal conductivity variations in grids.
A grid has the minimum thermal conductivity as none TSV
passes through it and has the maximum thermal conductivity
as it is fully filled with TSVs. Thus, the range of thermal
conductivities for a grid in the silicon substrate can be
known before the design information is given. Given M
different preselected thermal conductivities κm

j ’s in grid j

(m ∈ [1, M] and κm
j < κm+1

j ), we can presimulate and table

each thermal difference response �T1i
κm

j
. Because the heat

flow mainly passes through the vertical direction of a chip,
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TABLE I
CONSTRUCTION TIME AND STORAGE NEEDED OF TABLES

�T1i
κm

j
also satisfies the lateral locality property. Moreover,

�T1i
κm

j
becomes less important as the lateral distance between

grid i and grid j increases. According to the observations, we
apply the following strategy to improve the computational
efficiency and save the memory usage.

Fig. 13 shows the sketch map of approximating the thermal
difference response induced by a κj. By setting a truncation
window Wd to extract the significant portion of thermal dif-
ference response for grids, and Wp to represent the region of
power source grids contributing significant thermal difference
response, the thermal difference response due to the thermal
conductivity at grid j changing to κj is estimated as

�Tκj ≈
{

�TWd
κj for grids ∈ Wd

0 for grids /∈ Wd
(32)

where �TWd
κj =

∑
i∈Wp

pi�T1i
κj for grids in Wd, and can be

rearranged and represented as a matrix form

�TWd
κj
= AκjpWp . (33)

Here, Aκj is an NWd × NWp thermal gain matrix, and each

column is stamped as �T1i
κj for i ∈ Wp. pWp is an NWp × 1

power source vector, and each entry is stamped as pi for i∈Wp.
Although we can presimulate Aκj , the complexity for obtain-

ing �TWd
κj is still O(NWd NWp). To further improve the com-

putational efficiency, we apply the low-rank approximation
to approximate Aκj as a matrix Aκj(γ ) with a small rank γ

by minimizing the Frobenius norm of the difference between
Aκj(γ ) and Aκj [21]. By utilizing the developed low-rank
approximation, we have

�TWd
κj
≈ Aκj(γ )pWp . (34)

Hence, the complexity for evaluating �TWd
κj becomes

O(γ (NWd + NWp + 1)). With a suitable stopping criterion,
the runtime can be much less, and the accuracy can still be
maintained. Appendix C details the low-rank approximation.

With the local similarity of �TWd
κj , only a few representative

grids are needed to construct the tables for Aκj(γ ). Then, sim-
ilar to I-LUTSim, S-LUTSim also employs the table shifting
process to calculate �TWd

κj . The storage usage for precom-
puted Aκj(γ ) is O(γ (NWd +NWp+1)), and, hence, the storage
usage for Aκm

j
(γ )’s is O(NTSVRg

Mγ (NWd + NWp + 1)). Here,
M is the number of different preselected thermal conductivities
in each representative grid. NTSVRg

is the number of repre-
sentative grids and is much less than N because of the local
similarity property.

During the incremental thermal updating procedure, given
an arbitrary κ∗j ∈ [κm

j , κm+1
j ], �TWd

κ∗j
can be interpolated by

the prebuilt Aκm
j
(γ ) and A

κm+1
j

(γ ) as

�TWd
κ∗j
≈ (1− αm)Aκm

j
(γ )pWp + αmA

κm+1
j

(γ )pWp (35)

where αm = (κ∗j − κm
j )/(κm+1

j − κm
j ).

2) Accuracy of the Superposition Strategy: To analyze the
accuracy of S-LUTSim by using one updating iteration might
be impractical because designers might execute S-LUTSim
many times during the design process. Since the full-chip
analysis can also be approximated by using the superposition
strategy, we use S-LUTSim to perform the full-chip thermal
simulation for demonstrating its accuracy. Each �Tκj in (17)
can be written as

�Tκj =
∞∑

i=1

(−1)i
(

G−1
h �Gκj

)i
G−1

h p. (36)

With (17) and (36), T can be approximated as

Tapprox = Th +
∑

j

∞∑
i=1

(−1)i(G−1
h �Gκj)

iTh.

= Th −G−1
h �GTh +

∑
j

∞∑
i=2

(−1)i(G−1
h �Gκj)

iTh. (37)

Comparing with the first order Taylor expansion TTaylor =
Th − G−1

h �GTh, Tapprox is a better approximated thermal
profile.

V. EXPERIMENTAL RESULTS

LUTSim is built in C++ language and tested on an Intel
Xeon Processor E3-1230v3 3.3 GHz CPU with 32 GB
memory. The material and width of TSV are copper and
6 μm, respectively. The thermal conductivities of silicon, cop-
per, and oxide are 148, 406, and 0.83 (W/m · °C), respectively.
The modeling technique of heat-transfer coefficient is referred
to [8], and hp and hs are 1903.55 and 103.20 (W/m2 · °C),
respectively. ε is 0.01 for thermal profile evaluation algorithm
in Algorithm 2.

In the table construction process, the fine mesh of equiv-
alent thermal circuit is 65× 65× 10 for 2-tier cases and
65× 65× 15 for 3-tier cases, and the MNA technique is used
to build the look-up tables. The size of truncation window W
is 7× 7. The size of coarse mesh is 7× 7× 10 for 2-tier cases
and 7× 7× 15 for 3-tier cases. The number of thermal con-
ductivities for building thermal difference response tables is 3,
and the sizes of Wd and Wp are 11× 11 and 7× 7, respectively.
The runtime for building tables and storage needed for pre-
computed data are shown in Table I. “Low rank” in S-LUTSim
indicates the time needed for constructing thermal difference
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TABLE II
TEST CASE

Fig. 14. Error distribution of I-LUTSim for case 1.

response tables by using the low-rank approximation. Though
the table construction process is time-consuming, it can be
preperformed. Moreover, those constructed tables are reusable
in floorplanning and placement stages. Since I-LUTSim needs
the thermal unit pulse response of grids in the silicon substrate
having TSVs passing through, the construction time and stor-
age needed in I-LUTSim are more than those of S-LUTSim.
Detailed information of the required storage for S-LUTSim
stated in Table I for 3-tier cases is given in Appendix D.

The dimension of each tier in the test chip is
4832× 4832× 50 μm. First, we use a tapped-out 2-tier design
case 1 with 0.5 million gates and 222 TSVs to validate the
accuracy of I-LUTSim. We apply encounter power system of
Cadence Ltd., to obtain the total power (including internal-
power, switching-power, and leakage-power) of each instance.
After that, we randomly pick millions of instances from the
instances with total-power values in case 1 and insert them
into cases 2∼6 for generating power profiles. We also ran-
domly insert TSVs and set them to occupy at most 1.44%
of the chip area. Table II presents the information of each
test chip.

A. Validation of I-LUTSim

1) Fixed Outline: To validate the accuracy of I-LUTSim,
we execute I-LUTSim and a commercial tool ANSYS for
case 1 with the same settings. The error of I-LUTSim is mea-
sured as ei = (TANSYS

i − T I−LUTSim
i )/TANSYS

i . T I−LUTSim
i and

TANSYS
i are the temperatures at grid i obtained by I-LUTSim

and ANSYS, respectively. Fig. 14 plots the error distribu-
tion of I-LUTSim, and its errors are only within the range
of [−0.29%, 0.26%].

SuperLU (V4.3) is a well known matrix solving tool [22].
It provides an efficient method (we name it SuperLU-Direct)
to decompose symmetric positive definite matrix and directly

Fig. 15. Thermal profile at each active layer of case 3.

solve matrix equations. In addition, it also provides a
generalized minimal residual method solver (we name it
SuperLU-GMRES) with an incomplete LU factorization
preconditioner.

NICSLU is another efficient software package for solving
large-scale sparse linear systems and is designed to run in
parallel on a shared memory machine [23]. We also compare
our execution time with NICSLU by running it in parallel with
eight threads on the same computer.

To further demonstrate the accuracy and efficiency of
I-LUTSim, we adopt SuperLU-Direct to be the reference
solver since ANSYS requires huge runtime for the model
building and meshing process.

Table III shows the comparison between I-LUTSim,
SuperLU-Direct, SuperLU-GMRES, and NICSLU. “Max error”
is the maximum absolute error comparing with SuperLU-Direct,
and “truncation order” is the truncation order of I-LUTSim. As
shown in columns 7 and 8, with only using two truncation orders,
the maximum error of I-LUTSim is less than 0.66%. Compared
with SuperLU-GMRES, I-LUTSim has better performance on
both of accuracy and efficiency. I-LUTSim can achieve at least
38.80× speed-up and 21.62× speed-up over SuperLU-Direct
and SuperLU-GMRES, respectively. Meanwhile, I-LUTSim is
also at least 26.57 times faster than NICSLU. Fig. 15 presents
the thermal profile at each active layer of case 3 obtained by
I-LUTSim.

2) Nonfixed Outline: We use the same design setting as case 3
to generate several test chips with different outlines. Compared
with case 3, the outline variation is between −9% and 11%.
By utilizing the 3-tier look-up tables with the outline being
4832× 4832 μm and I-LUTSim to estimate their thermal pro-
files, the experimental results are shown in Table IV. Although
their outlines are mismatched with that of the look-up tables,
I-LUTSim can still maintain the same accuracy level as case 3,
and the runtime slightly increases because of extra nonzero
terms in �G. I-LUTSim can achieve 4.786× speed-up over
SuperLU-GMRES even though the outline variation is 11%.
Hence, I-LUTSim can accurately and efficiently approximate
the thermal profile of a design even if its outline is varied.

3) 3-D Multiprocessor System-on-Chip (MPSoC) Case: To
further demonstrate the ability of I-LUTSim, we apply it on
a 3-D MPSoC presented in [24]. With the architecture and
design information provided by [24], Fig. 16 shows its floor-
planning and power information. It is a 2-tier version of an
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TABLE III
COMPARISON BETWEEN I-LUTSIM, SUPERLU-DIRECT [22], SUPERLU-GMRES [22], AND NICSLU [23]

TABLE IV
I-LUTSIM FOR DIFFERENT CHIP OUTLINES

Fig. 16. Floorplanning and power information of a 3-D MPSoC. (a) Bottom
tier. (b) Top tier.

8-core UltraSPARC TI Niagara processor. The cores are placed
on the bottom tier, and cache memories are placed on the top
tier. The power consumption of bottom tier is 28.053 W, and
the power consumption of top tier is 8.53 W. To fit the pro-
posed 3-D IC thermal model, the micro-channels originally
sandwiched between two tiers are taken out. Since the TSV
information is not available, we insert TSV array into the
Crossbar regions of tiers. Compared with SuperLU-Direct,
the maximum error of I-LUTSim is 1.91%, and the run-
time of I-LUTSim is 0.029 s. Its thermal profile obtained by
I-LUTSim is plotted in Fig. 17.

B. Robustness of Double-Mesh Look-Up Table Technique

To further demonstrate the double-mesh look-up table
technique, given different heat transfer coefficients, we use
I-LUTSim with the fine-mesh tables or the double-mesh tables
to estimate the thermal profile. Fig. 18 presents their maxi-
mum errors with different heat transfer coefficients. With the
double-mesh tables, I-LUTSim can accurately approximate
the thermal profile for different heat transfer coefficients.

Fig. 17. Thermal profile at each active layer of a 3-D MPSoC.

Fig. 18. Maximum error versus different heat transfer coefficients.

In contrast, only using the fine-mesh tables is insufficient to
obtain the exact estimate especially for lower heat transfer
coefficients. This fact is consistent with the lateral locality
property. The marginal value of thermal unit pulse response
should not be ignored if the heat dissipation capability of pack-
age is relatively weak. Therefore, by using the double-mesh
look-up tables, I-LUTSim not only can save the runtime but
also can robustly estimate the thermal profile.

C. Accuracy and Efficiency of S-LUTSim

We use a 2-tier chip to demonstrate the incremental ther-
mal updating capability of S-LUTSim, and its geometry is the
same as case 1. First, we insert a power source with 1 mW
into grid (40, 40) on the top die. The thermal profile at each
active layer obtained by S-LUTSim is consistent with that of
SuperLU-Direct, and its maximum error is less than 0.02%.
Then, we use extra TSVs to fill out grid (38, 38) that is
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Fig. 19. Thermal difference profile at the active layer of top die. Extra
TSVs are inserted to fill out grid (38, 38) on the top die. (a) SuperLU-Direct.
(b) S-LUTSim.

close to the power source, and its thermal profile is calculated
by SuperLU-Direct or incrementally updated by S-LUTSim.
The thermal difference profile obtained by SuperLU-Direct
and S-LUTSim is plotted in Fig. 19(a) and (b), respectively.
S-LUTSim can exactly capture the thermal effect of TSVs,
and its maximum error is less than 0.02%.

Table V shows the efficiency comparison between
S-LUTSim and SuperLU-Direct for updating the thermal pro-
file. Although SuperLU-Direct does not need to reperform
the Cholesky decomposition of thermal conductance matrix
after cells are shifted, it still takes 0.029 s to update the ther-
mal profile after the power of a grid is modified. However,
the average runtime of S-LUTSim is only 1.54 μs, and its
speed-up ratio over SuperLU-Direct is 1.88× 104. The average
runtime for S-LUTSim updating the thermal profile induced
by inserting/removing a TSV is 6.67 μs. However, SuperLU-
Direct needs to take lots of time to reperform the Cholesky
decomposition of thermal conductance matrix since the matrix
has been changed. Therefore, the speed-up ratio of S-LUTSim
over SuperLU-Direct can further reach to 1.05× 106.

To manifest the robustness of S-LUTSim, we employ (35)
and (37) to perform the full-chip simulation. Compared with
SuperLU-Direct, its maximum error is less than 1.12%, and
its speed-up is over 130× for all test chips in Table II.

Furthermore, we use S-LUTSim to simulate a chip with dif-
ferent numbers of inserted TSVs for examining the error trends
of S-LUTSim versus the number of inserted TSVs. As shown
in Fig. 20, both mean and maximum errors of S-LUTSim ver-
sus the number of inserted TSVs are almost constant because
of the keep-out zones of TSVs [25] and the lateral locality
of thermal difference response. The result demonstrates that
S-LUTSim is an appropriate temperature updating engine for
TSV position optimization processes. Practically, there may be
numerous TSV insertions/removals while executing optimiza-
tion processes. To handle this issue, one possible systematic
recovery scenario is described in Appendix E.

VI. CONCLUSION

We have developed, verified, and demonstrated an efficient
table look-up-based thermal simulator, LUTSim, for 3-D ICs.
I-LUTSim can fast provide the full-chip thermal profile, and
S-LUTSim can incrementally update the thermal profile for
early physical design stages.

TABLE V
EFFICIENCY COMPARISON BETWEEN S-LUTSIM AND

SUPERLU-DIRECT [22]

Fig. 20. Error trends of S-LUTSim versus the number of inserted TSVs.

APPENDIX A
CONVERGENCE OF (9)

To show that T = (I + G−1
h �G)−1G−1

h p is convergent to∑∞
i=0(−1)i(G−1

h �G)iG−1
h p, first, we introduce a lemma for

G = Gh +�G and Gh as follows.
Lemma 1: Both G and Gh are positive definite.
Proof: Since both G and Gh are conductance matrices,

they are symmetric, satisfy the irreducible diagonal dominant
property [26], and have positive real diagonal entries. Hence,
G and Gh are positive definite [27].

With Lemma 1, we have the following lemma.
Lemma 2: Each absolute eigenvalue of G−1

h �G is less
than 1 if Gh is stamped with the setting of uniform thermal
conductivity κhn in each stacked layer n as

κhn >
κmaxn

2
. (A-1)

Here, κmaxn is the maximum value of thermal conductivities
among all simulation grids in the nth stacked layer.

Proof: Let λ be an eigenvalue of G−1
h �G. x 	= 0 and

satisfies G−1
h �Gx = λx. We have

xTGx = xT(Gh +�G)x = xTGh

(
I+G−1

h �G
)

x

= (1+ λ)xTGhx. (A-2)

By Lemma 1, we have xTGx > 0 and xTGhx > 0. Hence,
λ > −1.

Since κhn > κmaxn/2 ≥ κnj/2 for each thermal con-
ductivity κnj of the jth grid in the nth stacked layer, we

have (κhn − �κnj) > 0. Here, �κnj
def= κnj − κhn . Hence,

G̃ = Gh − �G is also a thermal conductance matrix since
the entries of G̃ are constructed by their related positive ther-
mal conductivities (2κhn−κnj)’s. Applying a similar derivation
to xT(Gh −�G)x > 0, we have λ < 1.

Therefore, |λ| < 1, and this proves Lemma 2.
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With Lemma 2, we can apply [28, Proposition 9.4.10] to
(8) and conclude the convergence of T as follows:

T = (I+G−1
h �G)−1G−1

h p

=
∑∞

i=0
(−1)i

(
G−1

h �G
)i

G−1
h p. (A-3)

Although thermal conductivities of grids increase as they
contain more TSVs, kmaxn can be known in advance.

For the stacked layers that might have TSVs passing
through, their kmaxn ’s are equal to the thermal conductivity of
TSV material, e.g., thermal conductivity of copper, because
it is possible that a grid in those stacked layers is fully filled
with TSVs. For this case, khn ’s are chosen to be slightly larger
than kmaxn/2 for ensuring the convergence of I-LUTSim.

For the stacked layers that have no TSVs passing through,
e.g., active layer and silicon bulk of Tier 1 and interconnect
layers in Fig. 2, their kmaxn’s are equal to their correspond-
ing homogeneous thermal conductivities. For this case, their
khn ’s are set as these kmaxn ’s to ensure the convergence of
I-LUTSim.

APPENDIX B
TRUNCATION WINDOW SIZE SELECTION PROCEDURE

Given a thermal unit pulse response, T1i
h , the decision

process of truncation window size proceeds as follows.
1) Set fine-mesh table size NF = 1 and coarse-mesh table

size NC = α2. Here, α is a predefined integer. Set f = 1.
2) With NC and NF , construct the fine- and coarse-mesh

tables of T1i
h , and approximate T1i

h as T1i
h,app by executing

the procedure in Fig. 10 and Algorithm 1 in sequence.
3) Obtain

MaxErr = max
i≤1≤N

(∣∣∣T1i
h [i]− T1i

h,app[i]
∣∣∣
)

/ max
i≤1≤N

(∣∣∣T1i
h [i]

∣∣∣
)

.

4) Check whether MaxErr is smaller than a threshold ε.
If it is satisfied, output NC and NF and terminate the
process. Otherwise, set f = f +2, NF = f 2 and go to 2).

APPENDIX C
LOW-RANK APPROXIMATION

Using the singular value decomposition, Aκj becomes

Aκj = U j�jVj. (C-1)

Here, U j is an NWd × NWp unitary matrix, and Vj is an
NWp × NWp unitary matrix. �j is an NWp × NWp diagonal
singular value matrix of Aκj .

With (C-1), the rank-γ approximation of Aκj is

Aκj(γ ) = U j�j(γ )Vj. (C-2)

Here, �j(γ ) is a diagonal matrix that maintains the γ largest
singular values of Aκj and replaces others by zeros. γ is
decided by the following criterion:

λγ+1
∑NWp

q=1 λq

≥ β (C-3)

where each λq is a singular value of Aκj , λq ≥ λq+1, and β is
a given threshold.

�TWd
κj can be approximated as

�TWd
κj
≈ Aκj(γ )pWp . (C-4)

As the local similarity property stated in Section IV-A1,
the power source grids in Wp have the similar thermal differ-
ence response. Therefore, the singular value sequence (λq’s),
in practice, decreases very fast.

In our experimental results, γ is equal to 5 when β is 1%.
S-LUTSim can save a lot of runtime by using the low-rank
approximation technique and still maintain the accuracy.

APPENDIX D
DETAILED INFORMATION OF STORAGE REQUIREMENT

IN TABLE I

Since S-LUTSim needs thermal unit pulse responses for
grids only in active device layers, its storage information of
fine and coarse mesh tables is as follows.

1) Number of representative grids for fine and coarse mesh
tables: 11× 11× 3 and 65× 65× 3.

2) Sizes for fine and coarse mesh tables: 7× 7× 3.
Storage information of low-rank approximation tables for

S-LUTSim is as follows.
1) Number of representative grids: 9× 9× 2.
2) Number of preselected thermal conductivities: M = 3.
3) Sizes of truncation windows: Wd = 121 and Wp = 49.
4) Truncation number of singular values: γ = 5.
With the same reason for constructing fine and coarse mesh

tables, S-LUTSim requires to store 3× 5× (121+ 49)× 3
elements for the low-rank approximation table of a represen-
tative grid.

APPENDIX E
POSSIBLE SYSTEMATIC RECOVERY SCENARIO

FOR S-LUTSIM

After performing optimization processes n times and
S-LUTSim n times, we have TS−LUTSim

n . With TSVs and
cells locations after performing optimization n times, we
can construct the corresponding thermal conductance matrix
Gn and the power distribution vector pn. Since TS−LUTSim

n
is an approximation of Tn corresponding to GnTn = pn,
we can write Tn as Tn = TS−LUTSim

n + �Tn. Substituting
Tn = TS−LUTSim

n +�Tn into GnTn = pn, we have

Gn�Tn = bn (E-1)

where bn = pn −GnTS−LUTSim
n .

By using the criterion ||bn||2/||pn||2 < η, we can check
whether the error of TS−LUTSim

n is acceptable or not. Here,
η is a specified threshold, ||bn||2 is 2-norm of bn, and
||pn||2 is 2-norm of pn. If the criterion is satisfied, the
optimization process keeps going on, and we can continu-
ally use S-LUTSim to update the thermal profile. Otherwise,
we apply I-LUTSim to obtain �Tn in (E-1). After that,
TS−LUTSim

n is updated by TS−LUTSim
n ← TS−LUTSim

n +�Tn.
With the updated TS−LUTSim

n , we can use S-LUTSim to incre-
mentally update the thermal profile for optimization processes
afterwards.
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