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Abstract— In this work, we develop a statistical thermal sim-
ulator including the effect of spatial correlation under within-
die process variations. This method utilizes the Karhunen-Loève
(KL) expansion to model the physical parameters, and apply the
Polynomial Chaoses (PCs) and the stochastic Galerkin method to
tackle stochastic heat transfer equations. We demonstrate the
accuracy and efficiency of our simulator by comparing with the
Monte Carlo simulation, and point out that the stochastic thermal
analysis is essential to provide a robust estimation of temperature
distribution for the thermal-aware design flow .

I. INTRODUCTION

Because of the drastically increasing power consumption of

integrated circuits, the thermal issue has become one of the

most important concerns in VLSI design. The high temperature

distribution and thermal gradient variation have serious impacts

on the timing, power and reliability of designs [2–5].

Conventional thermal simulators [2–5] are only conducted

by solving the heat transfer equations with the nominal power

consumption of the die. However, as the technology scales

down, the decreased controllability of processes have caused

considerable variations of leakage power [1]. The variations

of leakage power are expected as high as 20 times caused by

30% within-die process variations [1], and the related fluctua-

tions of temperature distribution are significant. Those unreli-

ably optimistic estimations [2–5] might guide designers to the

wrong design direction and lead to low yields. On the con-

trary, the deterministic simulation with the worst-case parame-

ters can result in the immoderate guard-banding and can cause

low performance [8]. These undesirable phenomena lead the

statistical thermal simulation to be essential, especially for the

leakage power dominated technology.

Thermal simulations can be generally divided into transient-

analysis and steady-state analysis. Transient-analysis is con-

cerned with the evolution of temperature distribution within a

chip given a time-varying power density distribution. As in-

dicated in [2, 4], the thermal time constant of heat conduction

is much larger than the clock period of circuit. This fact leads

to steady-state thermal analysis is more interested to study the

stability of temperature distribution with a given power density

distribution averaged over time. In this work, we will focus

on the steady-state thermal analysis with considering within-

die process variations with spatial correlation. Although we

do not consider electro-thermal coupling due to the scope of

this paper, our simulator can be readily combined with the

temperature-dependent electrical modeling to perform an iter-

atively update scheme.

By using KL expansion [9], we transform the physical pa-

rameters with variations to a set of uncorrelated random vari-

ables and employ the PCs scheme [9] and stochastic Galerkin

procedure to convert the stochastic thermal problem to a set of

deterministic problems. After that, any existing deterministic

thermal simulator such as [2–5] can be used to solve those de-

terministic heat transfer equations. Finally, the mean and vari-

ance profiles of the steady-state temperature for the full chip

can be evaluated.

Our major contributions are

1. We provide a stochastic thermal simulator considering

within-die process variations with spatial correlation. We

also demonstrate that the deterministic simulators with

nominal physical parameters underestimate the tempera-

ture distribution, and are unreliable in the nanometer tech-

nology.

2. Our simulator accurately and efficiently provides the

mean and standard deviation profiles of the temperature

to guide designers avoiding thermal failures due to pro-

cess variations.

3. Experimental results indicate that ignoring process vari-

ations with spatial correlation during the thermal simu-

lation is not allowable, and can induce several issues of

design and reliability.

The rest of this paper is organized as follows. The problem

formulation is introduced in section II. The flowchart of pro-

posed stochastic thermal simulation is presented in section III.

Then, the modeling of physical parameters are described in

section IV, the leakage power modeling is illustrated in sec-

tion V, and the stochastic Galerkin procedure is addressed in

section VI. Finally, the experimental results and conclusion

are given in sections VII and VIII, respectively.

II. PROBLEM FORMULATION

The typical compact thermal model for physical design
stages [2–5] is shown in Fig. 1. It consists of three portions.
The primary heat flow path is composed of thermal interface
material, heat spreader and heat sink. The secondary heat flow
path contains interconnect layers, I/O pads and the print cir-
cuit board. The functional blocks on the die are modeled as
many power generating sources attached to the thin layer close
to the top surface of the die with the thickness being equal
to the junction depth of device [6]. The devices consuming
the dynamic and leakage power are the mainly heat sources.
Generally, the dynamic power is insensitive to process varia-
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Fig. 1. Compact thermal model of physical design.

tions and can be assumed to be deterministic [7]. The leakage
power is greatly affected by physical parameters such as the
channel length and oxide thickness, and needs to be treated as
spatial random processes [8]. By combining the compact ther-
mal model and statistical power dissipation, the steady state

temperature T̂ (r, θ, �) of die is governed by the following
stochastic steady-state heat transfer equation.

∇ ·
(
κ(r, T̂ )∇T̂ (r, θ, �)

)
= −p(r, Lch(x, y, θ), Tox(x, y, �)), (1)

subject to the following boundary condition

κ(rbs , T̂ )
∂T̂ (rbs , θ, �)

∂nbs

+ hbs T̂ (rbs , θ, �) = fbs(rbs), (2)

where r = (x, y, z) ∈ D, D = (0, Lx)× (0, Ly)× (−Lz, 0) is

the domain of die, Lx and Ly are lateral sizes of die, Lz is the

thickness of die, κ(r, T̂ ) is the thermal conductivity (W/m·◦C)

of die, ∇ is the diverge operator, bs is any specific boundary

surface of the die, rbs
is the position located on bs, hbs

is the

heat-transfer coefficient on bs, fbs
(rbs

) is the heat flux func-

tion on bs, ∂/∂nbs
is the differentiation along the outward di-

rection normal to bs, θ and � are sampling values of manu-

facturing outcomes ΩLch
and ΩTox for the channel length and

oxide thickness, respectively, Lch(x, y, θ) and Tox(x, y,�) are

the random processes of the device channel length and the ox-

ide thickness, respectively, p(r, Lch(x, y, θ), Tox(x, y,�)) is

the random process of power density profile which consists

of dynamic power density profile pd(r), sub-threshold leak-

age power density profile ps(r, Lch(x, y, θ)), and gate leakage

power density profile pg(r, Tox(x, y,�)). Since the major part

of device current passes through the channel, the power density

distribution has its value only when r ∈ (0, Lx) × (0, Ly) ×
(−jd, 0). Here, jd is the junction depth of device [6].

Generally, the values of κ(r, T̂ ) are temperature dependent.

To deal with this issue, we apply the iterative computation

scheme to the simplified 1-D thermal model with the mean

of total power of the die to set the thermal conductivity at

the roughly steady-state average mean temperature. Due to

the limitation of space, the detail of this iterative computation

scheme is referred in our previous work [5].
With the above thermal model, the stochastic heat transfer

equations for the steady-state rising temperature T (r, θ, �) =
T̂ (r, θ, �) − Ta of die can be written as

κ∇2T (r, θ, �) = −p(r, Lch(x, y, θ), Tox(x, y, �)), (3)

subject to the boundary condition

κ
∂T (rbs , θ, �)

∂nbs

+ hbsT (rs, θ, �) = f̂bs(rbs), (4)

Circuit Benchmark (DEF)
and Dynamic Power

Technology Parameters 
Spatial Correlation 

Modeling

Karhunen-Loeve
Expansion

Parameters Transform

Cell Library 
(LEF)

Leakage Power 
Cell Library

Stochastic Galerkin Projection

Stochastic Heat Transfer Equations

Expanded by Polynomial Chaoses with

Unknown Coefficients

Spatial Mean Values and Variances of the 
Temperature Distribution

Result

Polynomial Chaoses 

Random Space Bases

Determinstic Thermal Simulator

A Set of Deterministic Heat Transfer Equations

Solve the Unknown Coefficients 

Fig. 2. Stochastic thermal simulation flowchart.

where κ is the die thermal conductivity set at the roughly

steady-state average mean temperature, f̂bs
(rbs

) is a modified

heat flux function on bs, and Ta is the ambient temperature.

With the above stochastic steady-state heat transfer equa-

tions, we are going to evaluate the mean and variance profiles

of the steady-state full-chip temperature.

III. STOCHASTIC THERMAL SIMULATION FLOWCHART

The executing flow of our stochastic thermal simulator is

summarized in Fig. 2. Given the spatial covariance functions of

physical parameters, we transfer spatially the correlated physi-

cal parameters such as the channel length and the oxide thick-

ness into a set of uncorrelated random variables by using the

KL expansion. The KL expansion is adopted because the num-

ber of random variables expanded by the KL expansion is sig-

nificantly smaller than that of the well known PCA’s [11] under

the same level of accuracy. With these uncorrelated random

variables, the PCs are built to serve as polynomial bases for

approximating the die temperature. Then, the leakage current

models for different types of gates are built for modeling the

power of gates by minimal least square fitting to the simulation

results of HSPICE under the TSMC 65 nm technology.

After the chip geometry, the gate level placement, the pack-

age configuration, the dynamic and the stochastically leakage

power density profiles are obtained, the compact thermal model

shown in Fig. 1 is constructed. Then, the stochastic Galerkin

projection method [9] is employed to convert the stochastic

heat transfer equations to a set of deterministic heat transfer

equations. Finally, an deterministic thermal simulator [5] is

utilized to solve these deterministic heat transfer equations ,

and the mean and variance profiles for the steady-state full-chip

temperature are obtained.

IV. PARAMETER MODELING

As indicated in [15], the decreasing rates of the spatial corre-
lation for physical parameters in the x- and y-directions are dif-
ferent. To model the spatial covariance function with the above
characteristic, we adopt the following spatial covariance func-
tion proposed by [11] instead of adopting the purely distance
dependent spatial covariance function [15, 16] for Lch(x, y, θ)
and Tox(x, y,�). 1

C(x1,x2) = σ2 exp

(
−|x1 − x2|

ηx

)
exp

(
−|y1 − y2|

ηy

)
, (5)

1Although we adopt this specific spatial covariance function in this work,

the KL expansion for a Gaussian random process with an arbitrary spatial co-

variance function can be efficiently obtained by a finite-element method pro-

posed in [17]. Hence, our simulation flow can be applied to any valid continu-

ous spatial covariance function.
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where ηx and ηy are correlation lengths of the target random

process in the x- and y-directions, respectively, σ is the stan-

dard deviation of the target random process.
Based on the above covariance function, the KL expan-

sions [14] of Lch(x, y, θ) and Tox(x, y,�) are

Lch(x, y, θ) = Lch(x, y) +

NLch∑
m=1

√
χmqm(x, y)ζm(θ), (6)

Tox(x, y, �) = T ox(x, y) +

NTox∑
n=1

√
βnfn(x, y)ςn(�). (7)

Here, Lch(x, y) and T ox(x, y) are E{Lch(x, y, θ)} and

E{Tox(x, y,�)}, respectively, fn(x, y) and qm(x, y) are

eigenfunctions of Tox(x, y,�) and Lch(x, y, θ), respectively,

βn and χm are eigenvalues of Tox(x, y,�) and Lch(x, y, θ),
respectively, {ςn(�)} and {ζm(θ)} are independently stan-

dard normal random variables because Tox(x, y,�) and

Lch(x, y, θ) are physically similar to Gaussian process [15] and

the KL expansion satisfies that the expanded random variables

are Gaussian random variables if the target random process is

Gaussian [9]. The random processes of oxide thickness and

channel length are assumed to be independent because their

variations source are from different fabrication processes.
The closed form expressions of eigen-pairs (βn, fn(x, y))

and (χm, qm(x, y)) can be derived [9] from∫
D0

C(x1,x2)φk(x2)dx2 = γkφk(x1), (8)

with (γk, φk(x1))=(βk, fk(x1)) , (γk, φk(x1))=(χm, qm(x1))
and different (ηx, ηy) for Tox(x, y,�) and Lch(x, y, θ), re-

spectively. Here, (x, y) ∈ D0 = (0, Lx) × (0, Ly) is the plane

at the top surface of die, x1 = (x1, y1) and x2 = (x2, y2).
Since the oxide thickness and channel length are bounded

values, they are second-order random processes [14]. Practi-

cally, continuous spatial correlation functions such as exponen-

tial, Gaussian and linear are suggested to be used [11, 15, 16].

With the second-order property and the continuity of practical

covariance functions, practically, the KL expansions of phys-

ical parameters are valid. In this work, we employ the crite-

rion γN+1/
∑N+1

k=1 γk < ε with ε = 10−3 to obtain the speci-

fied truncation numbers NTox and NLch
for Tox(x, y,�) and

Lch(x, y, θ), respectively.

In the rest of this paper, ξn, ςn and ζn are used to represent

ξn(�, θ), ςn(�) and ζn(θ), respectively, {ξn}NKL
n=1 is set as the

union of {ςn}NTox
n=1 and {ζn}NLch

n=1 , and NKL=NTox
+NLch

for

the sake of notation simplicity.

V. LEAKAGE POWER MODELING

By applying different input patterns to different types of
gates, the following models for average gate tunneling leakage
(Ig) and sub-threshold leakage (Is) currents for each type of
gates are built by minimal least square fitting to measurement
data of HSPICE. The maximum error is within 2%.

Ig = a0 exp(a1Tox), (9)

Is = b0 exp(b1Lch + b2L
2
ch), (10)

where a0, a1, b0, b1 and b2 are fitting constants.
Equation (9) is due to gate leakage current is excessively sen-

sitive to oxide thickness variations, the influence of channel

length variations can be securely ignored [7] and Equation (10)
is introduced by [19] with a suitable reference temperature 2.
Substituting equations (7) and (6) into equations (9) and (10) ,
respectively, and multiplying them by the supply voltage Vdd,
the gate tunneling and sub-threshold leakage powers for a spec-
ified type of gate located at (x∗, y∗) are

Pg(x∗, y∗, ς) = P g exp
(
a1ς

T f∗
)

, (11)

Ps(x
∗, y∗, ζ) = P s exp

(
b1ζ

T q∗ + b2ζ
T A∗ζ

)
, (12)

where P g = a0Vdd, P s = b0Vdd, a0, a1, b0, b1

and b2 are known values, ς = [ς1, ς2, · · · , ςNTox
]T , ζ =

[ζ1, ζ2, · · · , ζNLch
]T , f∗ = [f∗

1 , f∗
2 , · · · , f∗

NTox
]T with each

f∗
n =

√
βnfn(x∗, y∗), q∗ = [q∗1 , q∗2 , · · · , q∗NLch

]T with each

q∗m =
√

χmqm(x∗, y∗), and A∗ is a NLch
× NLch

matrix with

each entry A∗
nl = 2δnl−1q∗nq∗l .

VI. STOCHASTIC GALERKIN PROCEDURE VIA HERMITE

POLYNOMIAL CHAOSES

The Taylor expansion method has been widely used in the

statistical timing and circuit performance analysis [12]. How-

ever, the assumption of small variation of the desired solution

with respect to the random variables is not appropriate for ap-

proximating the temperature distribution, because the leakage

power exponentially depends on the physical parameters and

the temperature is directly affected by the leakage power. With

a similar situation, the inaccuracy of the second order Taylor

expansion method for solving a power grid system with vari-

ations of physical parameters for log-normal leakage currents

was indicated by [13].

On the contrary, the PC based method [9] is adopted because

it can handle the solution with large variation to the random

variables. Moreover, the projected deterministic heat transfer

equations are un-coupled for each PC. Hence, the efficiency is

equal to the Taylor expansion method.

A. Stochastic Galerkin Procedure

With the theorem of Cameron and Martin [18], the random
process of T (r, �, θ) can be approximated by a set of NKL-
dimensional Hermite PCs (H-PCs) [9].

T (r, �, θ) �
NP C∑
k=0

Tk(r)Φk(ξ), (13)

where each Tk(r) is the projected temperature coefficient func-

tion of the k-th H-PC, Φk(ξ) is the k-th H-PC3, and NPC is the

truncation number. The relation between NPC and N
Lch

and

N
Tox

will be described in section D.

The stochastic Galerkin projection is executed as follows.

Due to the limitation of space, the detail derivation is ignored.

1. Obtain the residual functions by substituting equation (13)

into equations (3) and (4).

2The suitable temperature can be obtained by using the average die temper-

ature calculated by using the nominal total power. The temperature dependence

of the sub-threshold leakage current will be figured out in our future work.
3The general form of the H-PCs can be found in [9]. For example, the

zeroth, first, and second order of H-PCs are equal to 1, {ξi}NKL
i=1 and {ξiξj −

δij}i,j=NKL
i,j=1 , respectively. Here, δij is the Kronecker delta.
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2. Enforce residual functions orthogonal to each H-PC.

Then, we obtain the following decoupled deterministic heat
transfer equations for solving each Tk(r) for each different k.

κ∇2Tk(r) = − pk(r)

E{Φ2
k(ξ)} , (14)

subject to the boundary condition

κ
∂Tk(rbs)

∂nbs

+ hbsTk(rbs) = f̂bs(rbs)δ0k for each bs, (15)

where pk(r) = E{p(r, ξ)Φk(ξ)} is equal to

pk(r) = pd(r, t)δ0k + pgk
(r) + psk

(r). (16)

Here, pgk
(r)=E{pg(r, ς)Φk(ξ)} and psk

(r)=E{ps(r, ζ)Φk(ξ)}
are the projected gate leakage and sub-threshold leakage power

density profiles of the k-th H-PC, respectively. The term δ0k in

both equations (15) and (16) is because E{Φk(ξ)} = δ0k [9].

After pk(r) is calculated, any existing deterministic thermal

simulator [2–5] can be utilized to obtain each Tk(r).
The above un-coupled deterministic heat transfer equations

have an advantage for both numerical and analytical thermal

simulators. For example, if the numerical simulators are em-

ployed to solve the deterministic heat transfer equations, the

system matrices of the above deterministic heat transfer equa-

tions are the same. Hence, the system matrices handling, such

as the LU decomposition, can be performed only once. Af-

ter that, all deterministic heat transfer equations can share the

same post-process matrix to obtain the solution. In this work,

we utilize [5] to solve the deterministic thermal equations.
The mean and variance profiles of the steady-state tempera-

ture can be obtained as

E{T (r, �, θ) + Ta} ≈ T0(r) + Ta, (17)

V ar{T (r, �, θ) + Ta} ≈
NP C∑
k=1

T 2
k (r)E{Φ2

k(ξ)}. (18)

Note that we only need to solve one deterministic heat transfer

equation for obtaining the mean temperature distribution.

Two algorithms are proposed in the following two subsec-

tions to calculate the projected leakage powers for a specific

type of gate located at arbitrary position of the die up to the

second order of H-PCs. By those two algorithms, pk(r) can be

obtained for solving each Tk(r).

B. Gate Leakage Power Projection

By using equation (11), the projected gate tunneling leakage
power of the k-th H-PC for a specific type of gate located at a
reference position (x∗, y∗) is

E{Pg(x∗, y∗, ς)Φk(ξ)} = P gE{exp(a1ς
T f∗)Φk(ξ)}. (19)

Fig. 3 shows an algorithm for calculating equation (19) up to

second order of H-PCs4. Steps 4 ∼ 5 are owing to the indepen-

dence of {ςi} and {ζi}.

4Although the algorithm in Fig. 3 only calculates the gate leakage power

projection up to the second order of H-PCs, it can be easily extended to the

higher order of H-PCs

Algorithm Gate Tunneling Leakage Power Projection

Input: Constants P g and a1, vector f∗, and the k-th H-PC {Φk(ξ)}
Output: Set {Bg

k = P gE{exp
(
a1ςT f∗

)
Φk(ξ)}}

1 Begin

2 D∗
g ← P g

NTox∏
i=1

exp

(
(a1f∗

i )2

2

)
3 for k ← 0 to NPC

4 if Φk(ξ) is a function of {ζi}
5 Bg

k ← 0
6 elseif Φk(ξ) = 1
7 Bg

k ← D∗
g

8 elseif Φk(ξ) = ςi; i ∈ G
9 Bg

k ← D∗
ga1f∗

i
10 elseif Φk(ξ) = ςiςj − δij ; i ∈ G, j ∈ G
11 Bg

k ← D∗
g(a1)2f∗

i f∗
j

12 End
∗ G = {1, 2, 3, · · · , NTox}

Fig. 3. Gate tunneling leakage power projection algorithm

C. Sub-threshold Leakage Power Projection

By using equation (12), the projected subthreshold leakage
power of the k-th H-PC for a specific type of gate located at a
reference position (x∗, y∗) is

E{Ps(x
∗,y∗,ζ)Φk(ξ)}=P sE

{
exp

(
b1ζ

Tq∗+b2ζ
TA∗ζ

)
Φk(ξ)

}
. (20)

Fig. 4 shows an algorithm for calculating equation (20) up to

the second order of H-PCs.

Algorithm Subthreshold Leakage Power Projection

Input: Constants b1, b2 and P s, matrix A∗, and H-PCs {Φk(ξ)}
Output: Set

{
Bs

k = P sE
{

exp
(
b1ζTq∗+b2ζTA∗ζ

)
Φk(ξ)

}}
1 Begin
2 Eigen-decompose A∗ as A∗ = V∗Λ∗V∗T ; V∗ is the eigen-

vector matrix of A∗, Λ∗ = diag
(
λ∗
1, · · · , λ∗

i , · · · , λ∗
NLch

)
, and each λ∗

i is an eigenvalue of A∗

3 Obtain w∗ = V∗q∗; w∗ =
[
w∗

1 , · · · , w∗
i , · · · , w∗

NLch

]T

4 D∗
s ← P s

∏NLch
i=1

exp
(
(b1w∗

i )2/(2−4b2λ∗
i )

)
√

(1−2b2λ∗
i )

5 for k ← 0 to NPC

6 if Φk(ξ) is a function of {ςi}
7 Bs

k ← 0
8 elseif Φ0(ξ) = 1
9 Bs

k ← D∗
s

10 elseif Φk(ξ) = ζm; m ∈ S

11 Bs
k ← D∗

sb1

NLch∑
i=1

w∗
i V

∗
mi

1 − 2b2λ∗
i

12 elseif Φk(ξ) = ζmζn − δmn; m ∈ S, n ∈ S
13 for i ← 1 to NLch

14 for j ← i to NLch

15 if i = j

16 Z←Z+
(b1w∗

i )2−2b2λ∗
i +1

(1−2b2λ∗
i )2

V∗
miV

∗
nj

17 else

18 Z←Z+
b1w∗

i b1w∗
j

(1−2b2λ∗
i )(1−2b2λ∗

j )
(V∗

miV
∗
nj +V∗

mjV
∗
ni)

19 Bs
k ← D∗

s (Z − δmn)
20 End
∗ S = {1, 2, 3, · · ·NLch

}
Fig. 4. Sub-threshold leakage power projection algorithm.

The simulated chip is divided into Ng grids for modeling

physical parameters, and the central point of each grid is set to

be a reference point (x∗, y∗). Gates located in the same grid

share the same modeled physical parameters; hence, they have

the same A∗. Therefore, the number of eigen-decompositions

for all A∗ is Ng instead of the number of gates. Moreover, the
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eigenfunctions and eigenvalues of the channel length only de-

pend on the spatial covariance function of the channel length,

and each A∗ can be known after the information of spatial co-

variance function is given. Therefore, the eigen-decomposition

of each A∗ and the projected power for each type of gate can

be calculated before the thermal simulation. In our experimen-

tal result, the number of reference points for modeling physical

parameters can be much less than the number of gates while

maintaining an acceptable accuracy.

D. Truncated Number of H-PCs

The original truncated number of H-PCs is [9]

NPC = 1 +

p∑
n=1

1

n!

n−1∏
r=0

(NKL + r), (21)

where p is the order of H-PCs, and NKL = NTox
+ NLch

.
The projection values of Pg(x, y, ς) and Ps(x, y, ζ) upon the

H-PC which simultaneously contains random variables in {ςi}
and {ζi} are equal to zeros. Therefore, the number of H-PCs is
reduced to

NPC = 1+

p∑
n=1

1

n!

n−1∏
r=0

(NTox + r)+

p∑
n=1

1

n!

n−1∏
r=0

(NLch + r). (22)

Since equation (22) is much less than equation (21), the com-

putational effort is significantly reduced.

VII. EXPERIMENTAL RESULTS

Our stochastic thermal simulator is implemented in C++

language and tested on a HPxw9300 workstation with 16 GB

memory. The die size is 5 mm× 5 mm× 0.5 mm. The device

junction depth is set to be 20nm which is the nominal value

of the device junction depth for the 65 nm technology [6]. The

test chip floorplan is shown as rectangular blocks in Fig. 7(b).

Numerous functional gates with the 65 nm technology are in-

serted into each rectangular block of Fig. 7(b), and the num-

ber of functional gates on the test chip is around 4.7 millions.

The internal gates of each rectangular block in Fig. 7(b) are not

shown for the sake of clarity. The parameters settings and the

truncation points of KL expansions for the channel length and

the oxide thickness are summarized in Fig. 5. By applying the

Nominal Lch Nominal Tox 3σLch
3σTox NLch

NTox

75 nm 1.4 nm 20% 20% 82 82

Fig. 5. The parameters settings and the truncation points for the channel

length and the oxide thickness. Both ηx/Lx and ηy/Ly are set to 0.31 [15].

modeling skill for hp and hs [4, 20] and the iterative computa-

tion scheme to the 1-D thermal model, the related thermal pa-

rameters and boundary conditions for executing the determinis-

tic simulator [5] are summarized in Fig. 6. The boundary con-

κ hp hs

104.6 W/(m·◦C) 8700 W/(m2·◦C) 2017 W/(m2·◦C)

Fig. 6. Thermal parameters and boundary conditions obtained by using

iterative computation scheme to the 1-D thermal model.

dition of each vertical surface is set to be isothermal [5]. The

top surface of the simulated die is divided into 1024× 1024

grids for solving the deterministic heat transfer equations with

respect to each H-PC.

(a) (b)
Fig. 7. The temperature distribution at the top surface of the test die. (a) The

nominal temperature distribution and (b) the mean temperature distribution.

A. Accuracy and Efficiency

The Monte Carlo (MC) method with 105 samples and 256

reference points for modeling parameters are used as the refer-

ence solution to demonstrate the accuracy. As shown in Table I,

the maximum errors of our simulator are less than 2% in both

the mean and standard deviation distributions with NKL being

equal to 164 and the order of H-PCs being equal to 1. The run-

time is only 113 seconds. Since Ng is set to be 16 in our simu-

lator, the result demonstrates that Ng can be quite small without

sacrificing the accuracy. Here, the number of sampling times

for the Monte Carlo method is set for achieving the same stan-

dard deviation error level as our simulator. The results show

that our simulator can be orders of magnitude faster than the

Monte Carlo method.

It can be observed that the maximum error of the mean pro-

file of the temperature only depends on NKL rather than the

order of H-PCs. However, the maximum error of the spatial

standard profile of the temperature relies not only on NKL but

also on the order of H-PCs. As shown in Table I, using the first

order of H-PCs with large NKL can provide an accurate solu-

tion and the complexity is linear to NKL. Using the second

order of H-PCs with small NKL can also provide an accurate

solution but the number of the NPC increases quadratically.

B. Deterministic v.s. Stochastic Thermal Simulations

The nominal and mean temperature profiles on the top sur-

face of the die are shown in Fig. 7(a) and (b), respectively. The

difference between them is over 16%. This indicates that the

deterministic thermal simulator with the nominal power under-

estimates the hottest value and profile of the die temperature.

C. Without or With Including the Effect of Spatial Correlation

Fig. 8 reveals the dramatic difference of the standard devia-

tion profiles for the temperature between the result considering

the spatial correlation of physical parameters and the result ig-

noring the spatial correlation of physical parameters. As we

can see, the magnitude of Fig. 8(b) are 3∼4 times of Fig. 8(a).

D. Temperature Variation Trend with Respect to Variation of

Physical Parameters

To further study the trend of temperature variation with re-

spect to the variation of physical parameters, we sweep the 3σ
ranges of channel length and oxide thickness and show the cor-

responding maximum mean and maximum standard deviation

of die temperature in Fig. 9. As we can see, both of the maxi-

mum mean and maximum standard deviation exponentially de-
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TABLE I

ACCURACY AND EFFICIENCY COMPARED WITH THE MONTE CARLO METHOD.

NKL H-PCs NPC Monte Carlo The Proposed Method Speedup

Order sampling times runtime (s) maximum mean maximum std. runtime (s) (X)

error (%) error (%)

52 1 53 551 1,124.60 4.04 9.55 32.10 35.03

58 1 59 1,414 2,884.56 3.62 6.10 48.84 59.06

124 1 125 6,694 13,655.76 2.18 2.98 88.47 154.35

164 1 165 20,366 41,546.64 1.70 1.26 112.96 367.80

52 2 871 6,510 13,280.40 3.78 3.24 369.88 25.41

58 2 929 20,066 40,934.64 3.62 1.29 579.52 70.64

(a) (b)
Fig. 8. The spatial standard deviations for the temperature distribution at the

top surface of the test die. (a) The spatial standard deviations without

including the effect of spatial correlation and (b) the spatial standard

deviations with including the effect of spatial correlation.

pend on the 3σ ranges of channel length and oxide thickness.

(a) (b)
Fig. 9. (a) The maximum mean of die temperature. (b) The maximum

standard deviation of die temperature.

VIII. CONCLUSION AND FUTURE WORK

We have developed a stochastic thermal simulator with con-

sidering spatial correlated within-die process variations. The

experimental results have demonstrated that our simulator can

efficiently provide very accurate estimates. Our simulator can

readily provide a simulating kernel of the elector-thermal sim-

ulating loop. Our future work is to combine our simulator with

the elector-thermal simulating loop for providing a more accu-

rate thermal estimation.
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