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Abstract— In this work, a statistical electro-thermal analyzer with
high compatibility of power model is developed. The developed
analyzer takes both the easily implementing advantage of Monte
Carlo method and the fast convergent advantage of stochastic
analysis method to effectively solve the statistical electro-thermal
problem. Experimental results indicate that the developed electro-
thermal analyzer can be orders of magnitude faster than the Monte
Carlo method under the same accuracy level. The computational
time is only 1.16 seconds for a design with over one million gates,
and the maximum errors are only 0.34% and 1.84%, compared with
the Monte Carlo method, for estimating the mean and the standard
deviation profiles of full-chip temperature distribution, respectively.

I. INTRODUCTION

Power dissipation and thermal effect are important issues of
VLSI design as the technology continuously scales down, and
the power density rapidly increases. The chip-temperature profiles
and gradients significantly influence on IC performance, reliabil-
ity, and package cost. Because leakage power contributes a large
portion of total power in the modern technology, it is necessary
to model and estimate leakage power accurately. Furthermore,
the leakage power of a circuit element exponentially depends on
its operating temperature and process parameters. Hence, process
variations and thermal impacts need to be cautiously considered.

In recent years, several thermal-power related analysis methods
have been proposed. In the power analysis, [1]–[3] quantified
process variations of leakage power. Nevertheless, none of them
simultaneously considers the statistical power and the electro-
thermal effect. In the thermal analysis, [4] proposed a deter-
ministic electro-thermal analyzer considering the temperature
dependence of leakage power.

To include process variation effects, the electro-thermal simu-
lation needs to be considered as a statistical fashion to ensure
design reliability. Hence, several statistical thermal analyzers
were developed [5], [6]. However, [5] didn’t consider electro-
thermal coupling. Though [6] presented a statistical electro-
thermal analysis, it needs to re-fit the leakage power model as the
design or its geometry changes because its model fits the leakage
power of each temperature grid rather than that of each gate.
This limits its usage for early physical design stages. Moreover,
both of them need specified leakage power models for the power
projection [5] and the iteratively log-normal approximation [6].

Because the scaling technology can lead more complicated
leakage power models for enhancing the accuracy, it is urgent
to develop a statistical thermal analyzer with the high capability
of accurate but complicated leakage power models. Compared
with [5], [6], our developed statistical electro-thermal analyzer is
more applicable since we take the advantage of sparse grid collo-
cation technique [7] to avoid the convoluted statistical calculation
algorithm. The sparse grid collocation technique has been adopted
in thermal-power related researches such as building leakage

power models [3] and analyzing statistical leakage power [2].
However, both of [2], [3] didn’t consider and indicate how to treat
temperature dependence issues in their power analysis methods.

In this work, we will present how to easily, accurately and
efficiently solve the statistical electro-thermal problem with any
temperature-dependent leakage power models. Moreover, rather
than [6], the developed electro-thermal analyzer doesn’t need to
re-fit leakage power models during thermal-driven early physical
design stages such as floorplanning or placement because the cell
based leakage power models are adopted. Firstly, the Karhunen-
Loève (KL) expansion is used to transform spatially correlated
physical parameters to a set of uncorrelated random variables.
Then, the Smolyak sparse grid formulation [7] is applied to obtain
the sampling values of physical parameters for obtaining the
deterministic power models in executing deterministic electro-
thermal simulations. After a set of deterministic electro-thermal
simulations being solved, the Newton interpolating formula is
utilized to calculate the expression coefficients of temperature
profile. Finally, the statistical characteristics of temperature dis-
tribution can be extracted.

Our major contributions are
1) This work presents an easily, accurately and efficiently

statistical electro-thermal simulation, and it has the high
compatibility to incorporate any power models.

2) The developed statistical electro-thermal analyzer can ac-
curately and efficiently provide the mean and standard
deviation profiles of full-chip temperature distribution.

3) Experimental results reveal that ignoring electro-thermal
coupling in statistical thermal analysis can lead to signifi-
cant errors of full-chip temperature distribution.

This paper is organized as follows. Firstly, the leakage power
modeling and the problem formulation are described in section II.
After that, the proposed statistical electro-thermal analyzer is de-
tailed in section III. Finally, experimental results and conclusion
are given in sections IV and V, respectively.

II. LEAKAGE POWER MODELING AND PROBLEM
FORMULATION

A. Leakage Power Modeling
Many leakage power models were developed in [1], [2], [5],

[6], [8]. However, none of them in [1], [2], [5] simultaneously
considered temperature and process variation effects. Hence, their
accuracy degrades as the technology scales down. For the authors’
best knowledge, only [6], [8] simultaneously considered both
effects. Nevertheless, the leakage current model in [8] was based
on 90nm technology. Hence, as the technology advances, its
accuracy deteriorates shown in TABLE I. A grid-based leakage
power model was developed in [6]. Each fitted model was used
to coarsely approximate the total leakage current in each grid,
and this limits its usage after the floorplanning stage.
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TABLE I
ERROR COMPARISON OF Is AND Ig WITH THE RESULTS OF HSPICE UNDER 65nm TECHNOLOGY FOR AN NAND GATE.

fg Max Error Avg. Error Error > 3%

Without temperature Tox, T
2
ox, Lch, L

2
ch [1] 6.48% 2.70% 4.37%

With temperature Our adopted model: a polynomial function constructed by Lch, T , Tox and T 2
ox 1.55% 0.29% 0.00%

fs Max Error Avg. Error Error > 3%

Without Lch, L
2
ch, T

−1
ox , T 2

ox [1] 347.32% 70.65% 98.27%
temperature Lch, L

2
ch

, T−1
ox

, Tox, T
2
ox

, Tox/Lch
, Lch/Tox, ToxLch [2] 314.13% 70.52% 100.00%

With Lch, T, Tox [8] 32.23% 8.73% 76.62%

temperature Our adopted model: a 3rd order polynomial function completely expanded by Lch , Tox and T 1.31% 0.19% 0.00%

Here, a cell-based leakage power fitting model including the
process variation effect and temperature dependence is presented.
Firstly, for each cell, different input patterns, various physical pro-
cess parameter values and operating temperatures are combined
and put into HSPICE with industrial design kit under the BSIM4
model to generate its leakage current data. After that, the average
leakage currents of input patterns are fitted by the least square
fitting method. Finally, the fitted coefficients of different average
leakage current models such as the average subthreshold leakage
(Is) and the average gate tunneling leakage (Ig) can be obtained.

Since Is is the off-state leakage, and Ig occurs in both on and
off states of transistor, the cell leakage power can be written as

Pleakage = Vdd × (Ig + (1− Sw) Is) , (1)

where

Ig = a0 · efg(Tox,Lch,T ), (2)

Is = b0 · efs(Tox,Lch,T ). (3)

Here, a0 and b0 are fitted constants, Lch and Tox are the channel
length and oxide thickness, respectively. T is the operating
temperature, Sw is the switching activity, Vdd is the supply
voltage, and fg(Tox, Lch, T ) and fs(Tox, Lch, T ) are specific
fitting forms1. Ig is modeled as exponentially dependent on
temperature since it is exponentially affected by the threshold
voltage [9].

The accuracy of several existing leakage current models has
been investigated [1], [2], [8]. Because they do not present
enough accuracy, much more accurate leakage current models are
proposed in this work. The error comparison of existing leakage
current models and the proposed leakage current models for an
two-input NAND gate is shown in TABLE I.

As shown in TABLE I, different fg and fs lead to different
errors compared with the results of HSPICE. The drastic errors
of [1], [2], [8] are because of the ignorance of either temperature
or developing technology. The maximum error and average error
of proposed models are less than 1.55% and 0.29%, respectively.
Actually, for all cell types given by an industrial design kit,
the maximum error and average error of our developed leakage
current models are only 1.55% and 0.5%, respectively.

With the above demonstration, the leakage current (power)
model might be very complicated for achieving acceptable ac-
curacy. This fact indicates that the statistical power analyzer or
the statistical thermal analyzer should have the ability to handle
complicated leakage current (power) models.

1We consider the variations of the device channel length and the oxide thickness
since the leakage power is very sensitive to them [1]. It should be noted that
although only these two parameters are considered, our framework can be easily
extended to include the effects of any process variation parameters such as the
channel dopant variation, etc.

Fig. 1. Compact thermal model of physical design.

B. Problem Formulation

The compact thermal model of a chip for the physical design
stage is shown in Fig. 1 [10]. The primary heat flow path is
composed of thermal interface material, heat spreader and heat
sink. The secondary heat flow path involves interconnect layers,
I/O pads, and the print circuit board. The functional blocks are
modeled as many power sources attached to the thin layer close
to the top surface of die. The main heat sources consist of the
dynamic and leakage power consumed by devices. Because the
dynamic power is insensitive to process variations and operating
temperature [1], it is viewed to be deterministic. However, the
leakage power is strongly dependent on process parameters and
operating temperature. Hence, the leakage power is viewed as
random processes [1], and the thermal coupling effect needs to be
considered for the full-chip temperature distribution analysis. By
combining the compact thermal model and the statistical power
consumption considering the thermal coupling effect, the steady
state temperature distribution T (r, θ,�) of die is determined by
the following statistical steady-state heat transfer equation.

∇·(κ(r, T )∇T (r, θ,�))=−p(r, Lch(x, y, θ), Tox(x, y,�), T ), (4)

subject to the following boundary condition

κ(rbs , T )
∂T (rbs , θ,�)

∂nbs

+ hbsT (rbs , θ,�) = fbs (rbs). (5)

Here, ∇ is the diverge operator, and κ(r, T ) is the thermal
conductivity of die. The p(r, Lch(x, y, θ), Tox(x, y,�), T )
is the random process of power density profile
which consists of the dynamic power density profile
pd(r), the sub-threshold leakage power density profile
ps(r, Lch(x, y, θ), Tox(x, y,�), T ), and the gate leakage
power density profile pg(r, Lch(x, y, θ), Tox(x, y,�), T ). The
r = (x, y, z) ∈ D, D = (0, Lx) × (0, Ly) × (−Lz, 0) is the
domain of die, Lx and Ly are lateral sizes of die, and Lz

is the thickness of die. The θ and � are sampling values
of manufacturing outcomes ΩLch

and ΩTox
for the channel

length and oxide thickness, respectively. The Lch(x, y, θ) and
Tox(x, y,�) are the random processes of the device channel
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Fig. 2. The flowchart of proposed statistical electro-thermal analyzer.

length and the oxide thickness, respectively. The bs is any
specific boundary surface of the die, and rbs is the position
located on bs. The hbs is the heat-transfer coefficient on bs,
fbs(rbs) is the heat flux on bs, and ∂/∂nbs is the differential
operator along the outward direction normal to bs. Since the
major part of device current passes through the region close
to the channel, the power density profile has its value only in
that region which its thickness is equal to the junction depth for
dynamic and sub-threshold leakage power and is equal to the
Debye length for gate tunneling leakage power.

With equations (4)–(5), our goal is to evaluate the mean and
variance profiles of steady-state full-chip temperature distribution.

III. PROPOSED STATISTICAL ELECTRO-THERMAL ANALYZER

The flowchart of proposed statistical electro-thermal analyzer
is shown in Fig. 2. Each operation in Phase 1 is only related with
the technology node rather than design pattern, and operations of
Phase 2 are design dependent.

In Phase 1, given a spatial covariance function of physical pa-
rameters, the KL expansion is employed to decompose correlated
parameters into a set of uncorrelated random variables. After that,
the Smolyak sparse grid formula is used to generate sparse grids,
which are a set of sampling random vectors of KL expanded and
inter-die random variables. In Phase 2, with each sampled random
vector on sparse grids, a deterministic electro-thermal simulation
with the deterministic power profile obtained by this sampled
random vector is performed. Then, with all thermal profiles
corresponding to sampled random vectors on sparse grids, an
approximated representation of stochastic full-chip temperature
distribution is obtained by the Newton interpolating formula.
Finally, the statistical characteristics, such as mean and variance
profiles, of the full-chip temperature distribution are extracted.

Different from the existing statistical thermal/electro-thermal
analyzers [5], [6], the proposed framework can easily, accurately
and efficiently obtain an approximated expression of the full-
chip temperature distribution without suffering from complicated
statistically calculating algorithms such as the power projection
[5] and the iteratively statistical temperature moment extraction
[6]. This is because each power profile corresponding to each
sampled random vector is deterministic during each determin-
istic electro-thermal analysis being performed. Hence, accurate
but complicated leakage power models can be adopted in this
framework. Each step in Fig. 2 is detailed in the rest subsections.

A. Parameter Transformation
Generally, process variations of one physical parameter P

can be classified into intra-die �Pintra and inter-die �Pinter

variations which both can be modeled as Gaussian random
variables [1]. The physical parameter P ∈ {Tox, Lch} with its
expected value P at position rxy = (x, y) can be written as

Tox(rxy, �)=T ox(rxy)+ΔT intra
ox (rxy , �i)+ΔT inter

ox (rxy , �j) , (6)

Lch(rxy, θ)=Lch(rxy)+ΔLintra
ch (rxy, θi)+ΔLinter

ch (rxy, θj) . (7)

The �i and �j are subsets of �, and θi and θj are subsets of
θ.

According to [1], Tox(rxy, �) = Tox (x, y,�) is assumed
to be spatially uncorrelated2. Because the spatial correlation of
ΔLintra

ch (rxy, θi) might have different decreasing rates in x- and
y-directions, the spatial covariance function proposed in [11] is
adopted for ΔLintra

ch (rxy, θi)
3. Given σ as the standard deviation

of target random process, and correlation lengths ηx and ηy in
x- and y-directions, respectively, the spatial covariance function
between two random variables at points rx1y1

and rx2y2 is

C(rx1y1 , rx2y2) = σ2e−
|x1−x2|

ηx e
− |y1−y2|

ηy . (8)

With applying the KL expansion, ΔLintra
ch (rxy, θi) based

on (8) can be approximated as

ΔLintra
ch (rxy, θi) ≈

NLch∑

m=1

√
χmqm(rxy)ζm(θi). (9)

Here, χm’s are eigenvalues of C(rx1y1
, rx2y2), qm’s are related

eigenvectors, and NLch
is the expansion length. {ζm(θi)} is the

set of uncorrelated standard normal random variables.
Because of the KL expansion property, the expanded random

variables are Gaussian random variables if the target random
process is Gaussian, and the eigen-pair (χm, qm(rxy)) closed
form can be derived [12]. In the rest of this paper, ζ = {ζm}
and ς = {ςn} are sets of random variables to represent Lch and
Tox, respectively, ξ̃ = ζ ∪ ς , and θ and � are dropped for the
sake of notation simplicity.

B. Smolyak Sparse Grid Formulation

The basic idea of Smolyak sparse grid formulation is to
build an interpolating approximation of a high dimensional
multivariate-function u ∈ Cr by much less sampling values
of the desired function than the full tensor product interpola-
tion formula but with an acceptable error bound in the order
of O(M−r logM (d−1)(r−1)) [13]. Here, M is the number of
sampling points, and d is the number of variables.

For the Monte Carlo method, the random variable samples
are randomly generated, and a large number of samples is re-
quired to achieve accurate mean and variance estimation. For the
Smolyak sparse grid formulation, the random variable samples are
generated by using roots of Hermite polynomial chaos (H-PCs)
or extrema of the Chebyshev polynomial [14], and the desired
solution is obtained by using interpolation with these samples.

2Although Tox is assumed to be spatially uncorrelated, the proposed simulation
mechanism still works for Tox being spatially correlated.

3Although we choose this specific spatial covariance function (8), any valid
spatial covariance functions can be adopted
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The high order interpolating approximation can be achieved with
a small number of samples [13].

According to the Smolyak sparse grid formulation [7], our
desired full-chip statistical temperature distribution T (r, ξ̃) rep-
resented by a set of KL expanded random variables ξ̃ can be
explicitly approximated as [15]

T̃
d
q (r, ξ̃) =

∑
q−d+1≤|i|≤q

(−1)q−|i|
(
d− 1
q − |i|

)
(Q

i1(T )⊗· · ·⊗Q
id(T )), (10)

where d is the number of random variables in ξ̃, q is the level
of desired solution, Qin with the level in ≥ 1 is the one-
dimensional interpolating operator of T (r, ξ̃) with respect to the
n-th random variable in ξ̃, ⊗ is the functional cross product,
and |i| = i1 + · · · + in + · · · + id. The level in is the index
to decide the number of sampling values for the interpolating
polynomial Qin . As suggested in [16], the relation between the
number of sampling values min and the level in is m1 = 1 and
mijn = 2in−1 + 1 for in > 1.

From (10), we only need to know the temperature on the
following small set of sampling values for ξ̃ [17]. The sparse
grid, the set of sampling values of ξ̃, in (10) is derived as

H (q, d) =
⋃

q−d+1≤|i|≤q

(
ϑi1 × · · · × ϑin × · · · × ϑid

)
, (11)

where ϑin denotes the set of sampling points of ξ̃n, and ‘×’ is
the cross product of the points of set.

The number of sampling points from Smolyak sparse grid
formulation increases as O( dq−d

(q−d)! ) that is less severe than that
of full tensor product formulation. The runtime complexity of
our proposed statistical electro-thermal analyzer can be analyzed
to be O(Cdet

dq−d

(q−d)! ). The Cdet is the runtime complexity for
executing a deterministic electro-thermal simulation.

The sampling values corresponding to ϑin must be properly
decided. Adopting the roots of H-PCs with its order being
corresponding to the level in can achieve the most accurate result
if ξ̃ is a set of normal random variables [14]. On the other hand,
adopting the extrema of the Chebyshev polynomial with its order
being corresponding to the level in can achieve the nested sparse
grid structure for any levels and acceptable accuracy [16]. In
this paper, we adopt the roots of H-PCs in our experimental
implementation because the results are shown to be very accurate
by using the low level approximation, and the nested sparse grid
structure is still preserved for q = d+ 14.

C. Calculation of Temperature Profiles on Sparse Grids
After the sparse grid H(q, d) being obtained, the samples of

channel length and oxide thickness corresponding to the m-
th sampling grid ξ̃m of H(q, d) can be obtained by using the
parameter modeling technique stated in section III-A. Hence, the
deterministic power density profile corresponds to ξ̃m can be
obtained. With the deterministic power density profile, we have
the following deterministic steady heat transfer equation.

∇ ·
(
κ(r, T )∇T (r, ξ̃m)

)
= −p(r, ξ̃m, T ), (12)

4If a highly order approximation is required for the accuracy, we suggest the
extrema of the Chebyshev polynomial because its nested sparse grid structure is
preserved for any levels; hence, it needs much less sampling points than that of
choosing the roots of the H-PCs for highly order approximation.

Algorithm Calculation of Temperature Profiles on Sparse Grid
Input:Sampling point ξ̃i, initial temperature T ini and pdyn(r)

Output: Stable temperature profiles T (r, ξ̃i) of ξ̃i

1 Begin
2 Obtain Tox(rxy, ξ̃i) and Lch(rxy, ξ̃

i) according to ξ̃i;
3 T (r, ξ̃i)← T ini;
4 T ′(r, ξ̃i)← 0;
5 While (T (r, ξ̃i)− T ′(r, ξ̃i) ≤ Converging criterion)
6 T ′(r, ξ̃i)← T (r, ξ̃i);
7 Update pleakage(r, ξ̃

i, T ) by T (r, ξ̃i);
8 ptotal(r, ξ̃

i, T ) ← pleakage(r, ξ̃
i, T ) + pdyn(r);

9 † Solve deterministic thermal equations (12) and (13)
with ptotal(r, ξ̃

i, T ) to obtain a new T (r, ξ̃i);
10 if (T (r, ξ̃i) = Infinite) then Thermal runaway;
11 Return T (r, ξ̃i)
12 End
† The deterministic thermal analyzer [18] is used to obtain T ∗.
Any deterministic thermal analyzer can be used here.

Fig. 3. Deterministic electro-thermal analysis for each sampling point in sparse
grid. pleakage, pdyn and ptotal are the leakage, dynamic and total power density
profiles for each sampling point of sparse grid, respectively.

subject to the following boundary condition

κ(rbs , T )
∂T (rbs , ξ̃

m)

∂nbs

+ hbsT (rbs , ξ̃
m) = fbs (rbs ). (13)

Here, p(r, ξ̃m, T ) and T (r, ξ̃m) are deterministic power density
and temperature profiles with respect to ξ̃m, respectively. Since
the power density profile is temperature dependent in equa-
tion (12), the deterministic electro-thermal analysis is used to
get each T (r, ξ̃m) and is summarized in Fig. 3.

D. Polynomial Interpolation of Temperature Distribution

Instead of directly using equation (10) which requires to obtain
different Qi1(T )⊗· · ·⊗Qid(T ) for each different |i| = i1+· · ·+
id, we take the advantage of nested sparse grid structure and then
perform one time of Newton interpolating method [14] to globally
interpolate T (r, ξ̃) by the deterministic temperature profiles of all
sampling values in sparse grid. For the sparse grid that can not
preserve nested structure, the Newton interpolating method can
be applied to obtain each different Qi1(T )⊗· · ·⊗Qid(T ).

Based on the Newton interpolating formula, the temperature at
the specified die position r∗ can be approximated as

T (r∗, ξ̃) ≈
m=N∑

m=0

âm(r∗)φm(ξ̃), (14)

where φm(ξ̃) is an interpolating polynomial with respect to the
m-th sampling value ξ̃m, and its form can be found in [14]. The
N = |H(q, d)| − 1, |H(q, d)| is the number of sampling values
in sparse grid, and âm(r∗)′s need to be determined.

Based on the basic idea of interpolation that the approximated
function must match each known data, the interpolated polyno-
mial in (14) must satisfy equation (15) for each ξ̃k.

m=N∑

m=0

âm(r∗)φm(ξ̃k) = T (r∗, ξ̃k). (15)

Based on the property of φn(ξ̃) [14], the matrix equation (16)
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Gates Placement  

Preparing Stage Simulation Stage

Simulation Grids 

…
…

Accumulate the 
area of each gate 
type in a grid 

…

Obtain Power Profile

Obtain Temperature Profile

Power density in a grid is 
obtained by summing the 
product of the accumulated 
area of same type of gates 
and the power value of that 
type with updated 
temperature and process 
parameters of sampling value

Temperature in a grid is 
calculated by an efficient  
analytical thermal 
simulator [20], which can 
analyze 1M grid 
temperature profiles within 
0.13 second   

…
…

Electro-thermal Loop

Fig. 4. The implementation of proposed electro-thermal simulation for each
sampling grid.

can be obtained to find each âm(r∗) at chip position r∗.⎡
⎢⎢⎢⎢⎢⎢⎣

φ0

(
ξ̃0

)
0 · · · 0

φ0

(
ξ̃1

)
φ1

(
ξ̃1

)
· · · 0

...
...

. . .
...

φ0

(
ξ̃N

)
φ1

(
ξ̃N

)
· · · φN

(
ξ̃N

)

⎤
⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎣
â0 (r∗)
â1 (r∗)

...
âN (r∗)

⎤
⎥⎥⎥⎦=

⎡
⎢⎢⎢⎢⎢⎢⎣

T
(
r∗, ξ̃0

)
T
(
r∗, ξ̃1

)
...

T
(
r∗, ξ̃N

)

⎤
⎥⎥⎥⎥⎥⎥⎦

(16)

Each âm(r∗) can be calculated in linear time since the system
matrix of (16) is a lower triangular matrix. After each âm(r∗) has
been calculated, the mean and variance profiles of the full-chip
temperature distribution can be estimated as

E{T (r∗, ξ̃)} = E

{
m=N∑
m=0

âm(r∗)φm(ξ̃)

}
, (17)

V ar{T (r∗, ξ̃)} = V ar

{
m=N∑
m=0

âm(r∗)φm(ξ̃)

}
. (18)

E. Implementation of the Deterministic Thermal Simulation

Fig. 4 shows the implementation of electro-thermal simulation
for each sampling point. In the preparing stage, the accumulated
area of each same type gate in each temperature grid is obtained.
With the accumulated area of each different gate type in a
temperature grid, the power density in that grid is got by summing
each product of the accumulated area of a specific gate type and
its power value (dynamic power plus its leakage power calculated
at the sampled process parameters and operating temperature).
Hence, the complexity to get the power profile for each sampling
point is O(P ×Q ×Ntype). P and Q are numbers of divisions
of grids along x− and y−directions, respectively. Ntype is the
number of gate types and is determined by the cell library, and
it is far less than the number of simulation grids P ×Q.

For the deterministic electro-thermal simulation with respect to
a sampling point a deterministic thermal solver [18], which can
get the temperature profile for one million grids in 0.13 seconds,
is adopted. In the experimental setting, the number of simulation
grid is 128×128, and the runtime is 0.018 seconds for executing
one time of [18] in the electro-thermal loop shown in Fig. 3.

IV. EXPERIMENTAL RESULTS

The developed analyzer is implemented in C++ language and
tested on a Linux system with Intel Xeon 3.0-GHz CPU and
32GB memory. The die size is 2.5mm × 2.5mm × 0.5mm.

Power Source Layer of Die
Interconnect Layer 

C4/CBGA Package and PCB Board

Die

20nm

0.5mm

0.06mm

(a) (b)
Fig. 5. (a) The floorplanning of test chip. (b) The geometry of test chip.

A A

(a) (b)

Fig. 6. Temperature profile at the top surface of die. (a) The mean temper-
ature distribution without including the electro-thermal coupling. (b) The mean
temperature distribution with including the electro-thermal coupling.

The junction depth is 20nm that is the nominal value for the
65nm technology [19], and the Debye length is 2nm [20]. The
floorplanning of test chip has 1.2 million functional gates as
shown in Fig. 5(a), and the geometries of chip are shown in
Fig. 5(b). By applying the modeling skill of thermal parameter
and iterative 1-D thermal computation scheme [10], the equivalent
heat transfer coefficients of primary and secondary heat flow
paths, and the average thermal conductivity of chip material are
12000W/(m · ◦C), 2017W/(m · ◦C), and 148.13W/(m · ◦C),
respectively. The boundary condition of each vertical surface
is isothermal [18]. The number of simulation grids for execut-
ing [18] is 128× 128 at the top surface of die.

The nominal values of channel length and oxide thickness are
65nm and 1.5nm, respectively. The 3σLch

and 3σTox
are set to

12% and 5% of nominal values, respectively. Both ηy/Ly and
ηx/Lx are set to 0.98 that means that the correlation between
two devices located half of the chip dimension away in the x-
direction or the y-direction is 0.6.

A. Accuracy and Efficiency

To verify the analyzer, the Monte Carlo method is also imple-
mented with 105 samples as reference solutions considering the
same issues such as the electro-thermal coupling effect, spatially
intra-die variations and inter-die variations. The proposed electro-
thermal analyzer takes 10 random variables to expand process
variations and uses Smolyak sparse grid formula with q = 11.
Hence, the stochastic thermal profile of test chip is interpolated
by 21 individual sampling points. The results with three different
ratios of inter-die variations and intra-die variations to the total
variations in a reasonable region are shown in TABLE II.

Compared with the golden solution, the proposed analyzer is
extremely accurate and can be finished in seconds for the test
chip. For example, as the inter-die variation is 50% of total
variations, the maximum errors of the calculated spatial mean
distribution and spatial standard deviation distribution for the
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TABLE II
ACCURACY AND EFFICIENCY COMPARED WITH THE MONTE CARLO METHOD.

Inter-die Intra-die Our Proposed Method† Monte Carlo‡ Speedup
/ Total / Total maximum mean maximum std. runtime (s) sampling runtime (s)‡ (X)

Variations Variations error error Phase 1 Phase 2 knots
40% 60% 0.31% 1.68% 3.23 1.16 6736 357.88 308.51
50% 50% 0.32% 1.84% 3.27 1.16 6465 347.82 299.84
60% 40% 0.34% 1.81% 3.40 1.16 6422 341.72 294.59

† Our proposed method is compared with the golden solution constructed by the Monte Carlo method using 105 samples.
‡ To show the efficiency, the Monte Carlo method is simulated till the standard deviation achieves the same accuracy as the proposed method.

The runtime does not include the time of input parser which is only performed once in the Monte Carlo simulation.

A A

(a) (b)
Fig. 7. Temperature profile at the top surface of die. (a) The spatial standard
deviation distribution without including electro-thermal coupling. (b) The spatial
standard deviation distribution with including electro-thermal coupling.

full-chip temperature distribution are only 0.34% and 1.84%,
respectively. The execution time is only 3.27 seconds and 1.164
seconds in Phase 1 and Phase 2, respectively.

Since operations in Phase 1 are irrelevant to design patterns,
they only need to be pre-performed once while applying the
analyzer to thermal-aware design procedures. Hence, to show
the efficiency of proposed analyzer, the runtime of Phase 2 is
compared with the runtime through the Monte Carlo simulation
fulfilling the same accuracy of standard deviation as ours. TA-
BLE II shows that the developed analyzer is orders of magnitude
faster than the Monte Carlo method. Since each sampling point
is independent, the parallel programming technique can be used
to further enhance the speedup.
B. Without v.s. With Including Electro-Thermal Coupling Effect

Fig. 6 and Fig. 7 show the spatial mean distribution and spatial
standard deviation distribution of temperature distribution at the
top surface of test chip, respectively. Fig. 6(a) and Fig. 7(a) are the
results without considering the electro-thermal coupling effect.
Fig. 6(b) and Fig. 7(b) are the results with considering the electro-
thermal coupling effect. These two figures reveal the dramatic
differences of these two results. As we can see, the difference of
spatial mean profile can reach 6.54%, and the difference of spatial
standard deviation profile is over 25.01%. This impact shows that
it is necessary to consider the electro-thermal coupling effect for
the statistical thermal analysis, and the developed analyzer can
accurately and efficiently achieve this goal.

V. CONCLUSION

An efficient statistical electro-thermal analyzer with high com-
patibility of power models has been presented. The analyzer can
efficiently provide the accuracy results and is high capability with
any leakage power models and the spatial correlation function.
The experimental results also indicated that it is not allowable
to ignore the electro-thermal coupling effect when considering
process variations in statistical thermal simulation.
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