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ABSTRACT
The power grid needs to be frequently analyzed during the design
process of power distribution network. Hence, an effective method
being able to capture its transient behavior is desired for designers.

This work utilizes macro modeling techniques, sparse recov-
ery mechanisms, a proposed pseudo-node value estimation method,
and an adaptive error control procedure to develop an efficient and
reliable incremental power grid transient simulator. This incremen-
tal simulator not only can deal with adjusted values of the circuit
elements but also can handle modified topologies of the design.

Categories and Subject Descriptors
B.7.2 [Integrated Circuits]: Design Aids – Simulation, Verifica-
tion

Keywords
Power distribution network; Incremental analysis

1. INTRODUCTION
With the advent of technology, low-power, ultra-low-voltage, and

three-dimensional stacked integrated circuit designs are becoming
vital design methodologies. However, they are vulnerable to power
supply noises such as IR drop and Ldi/dt noise. Hence, the power
grid design and analysis are much more important than in the past.

Typically, given the supply voltage, wire sizing and topology
modification techniques can be utilized to design the power grid.
Wire sizing adjusts its element values, and topology modification
adds/deletes its nodes and elements. Power grid analysis is a chal-
lenging task since there are numerous amounts of power grid nodes
on a chip. Therefore, lots of approaches such as hierarchical meth-
ods [1], krylov-subspace methods [2, 3], multi-grid techniques [4,
5], random walk algorithms [6], and vectorless verified methods [7]
have been developed . Though they perform pretty well on power
grid analysis, they may reanalyze the modified design as a brand
new one even though the power grid is only locally changed. As
a result, incremental power grid simulation or verification meth-
ods that utilize the information of original design to simulate or
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verify the updated design were proposed [8–10]. To deal with ad-
justed values of elements, Sun et al. used the sparse approximation
(orthogonal matching pursuit (OMP)) to extract the approximated
basis set of system for performing the incremental steady-state sim-
ulation [8]. To enhance [8], Lee et al. integrated the macro mod-
eling technique, OMP, and a modified topology consideration pro-
cedure to develop another incremental steady-state simulator, MA-
OMPt [9]. However, only the resistance effect was considered for
the modified topology in [9], and both methods [8, 9] are not suit-
able for the incremental transient simulation due to the inconsistent
basis issue that will be addressed in Section 3. Due to the lack of
current waveforms drawn by devices, Abhishej and Najm used the
macro modeling technique and vectorless method to perform the
early incremental verification of RC power grid network [10].

From all the points of view, an efficient incremental transient
simulation or verification method is highly needed during the de-
sign process. This work focuses on the incremental transient simu-
lation. In this work, the macro modeling technique, the sparse re-
covery mechanism, a proposed pseudo-node value estimation method,
and an innovated adaptive error control procedure are utilized to
build an effective incremental transient simulator for the power
grid. The developed incremental simulator not only can deal with
the adjusted values of elements but also can handle the modified
topologies under the dynamic status. Its major features are

1. To manipulate the modified topology, a pseudo-node value
estimation method is proposed to build artificial original elec-
trical values of the added nodes by simultaneously consider-
ing the effects of capacitances, inductances, and resistances.

2. To improve the accuracy and ease the inconsistent basis issue
while performing the sparse recovery technique during the
incremental transient simulation, a basis-set adjustment cri-
terion is proposed. To enhance the efficiency of simulation,
an adaptive error control procedure is established to choose
suitable time points for adjusting the basis set and avoiding
the wasteful use of computational power.

The remainder of this article is organized as follows. Several
related techniques are reviewed in Section 2. After that, the incon-
sistent basis issue of incremental circuit simulation is discussed in
Section 3. Then, the proposed incremental transient simulator is
detailed in Section 4. Finally, the experimental results and conclu-
sion are given in Sections 5 and 6, respectively.
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Figure 1: Macromodel.

2. RELATED TECHNIQUES

2.1 Hierarchical Analysis of Power Grid
The divide-and-conquer strategy is used to analyze the power

grid by partitioning it into several blocks [1]. There are internal (lo-
cal) grids in each block and external (global) grids between blocks.
Branches between blocks are called global links. Each block l
is modeled as a multi-port element and is considered as a macro
model that is illustrated in Figure 1. The currents passing through
the interface between block l and other blocks can be written as

il = AlVl + Sl; il ∈ �
m, Al ∈ �

m×m, Vl ∈ �
m, Sl ∈ �

m. (1)

Here, Al is the admittance matrix of ports, Vl is the vector of port
voltages, and Sl is the current source vector.

With (1) and the trapezoidal technique, the AC global matrix
equation can be integrated by all Al’s, Sl’s, and global links as

(Gg +
2
h

Cg)x j
g = (−Gg +

2
h

Cg)x j−1
g − S j + u j−1

g + u j
g. (2)

Here, Gg is a global conductance matrix, Cg is a global capacitance

and inductance matrix, and S j =
[
S jT

1 · · · S
jT
l · · · S

jT
k 0T

]T
. S j

l is the
equivalent current source vector between the ports of l-th partition
and the ground node at the j-th sampling time, k is the number of
macros, and h is the time step. x j−1

g /x j
g and u j−1

g /u j
g are the electrical

variable vector and the global independent source vector at the ( j-
1)-th/ j-th sampling time, respectively.

After solving (2), the port values are substituted into each parti-
tion to obtain its internal node voltages and branch currents. Then,
the currents flowing through the interfaces of partitions are updated.
The preceding procedure is executed repeatedly.

2.2 Incremental Steady-State Simulation

2.2.1 OMP [8]
The DC system equation of a power grid network can be built as

Gx = b. (3)

Here, G is an m × m conductance matrix, x is an m × 1 vector
consisting of electrical variables, and b is an m × 1 independent
source vector.

After redesigning several element values locally (without modi-
fying the topology), its system equation becomes

Gx = b, (4)

where G, b, and x are modified G, b, and x, respectively.
Rewriting x as x + ∆x and substituting it back into (4), we have

G∆x = b̃, (5)

where ∆x is the incremental vector of x, and b̃ 4
= b −Gx.

Because of the locality characteristic of power grids, there are
lots of zeros in ∆x, and (5) can be solved by the OMP algorithm [11].
The main idea of OMP algorithm is to representing b̃ by few im-
portant columns of G, and the chosen criterion can be

ci =

∣∣∣∣∣∣ 〈Gi, b̃〉
〈Gi,Gi〉

∣∣∣∣∣∣ , (i = 1, 2, · · · ,m), (6)

where 〈·, ·〉 is an inner product operator, and Gi is the i-th column
vector of G.

If ci exceeds a given threshold, Gi is chosen as an important col-
umn vector. After searching all column vectors of G, an initial
column vector set is obtained and viewed as an approximated ba-
sis set. Then, this over-determined system is solved by the least
squares fitting. Here, a preconditioner is used to decrease the con-
dition number, and the normal equation is utilized to obtain the
approximated values ∆x. As the residual r = b̃ −G∆x is not small
enough, b̃ is replaced by r, a smaller threshold value is chosen, and
(6) is repeatedly executed to pick up more column vectors until the
residual is less than a user-defined value.

2.2.2 MA-OMPt [9]
MA-OMPt utilizes the macro modeling technique [1] and ex-

tends the OMP method [8] to perform the incremental steady-state
simulation. Because solving the global matrix equation takes the
most computational cost while doing the macro model simulation,
hence, the OMP technique is extended to solve it with an initializa-
tion procedure for dealing with the topology modification.

It updates (Al, Sl)’s of the modified blocks and uses an initializa-
tion procedure to construct the original node-voltage vector as

v
′

= v̂ + ∆v. (7)

Here, v̂ consists of the original port voltages and zeros for the added
nodes. ∆v consists of the artificial node voltages of added nodes
and zeros for the original ports.

According to Ohm’s law, the unknown artificial voltage of an
added node is assumed to be proportional to the conductances be-
tween this node and its adjoint nodes. As shown in Figure 2, the
node voltage v of an added red node is estimated by its adjoint ex-
isted nodes as

v =
11

1total
v1 +

12

1total
v2 +

13

1total
v3. (8)

Here, 1total = 11 + 12 + 13. 11, 12, and 13 are the conductances of
elements. v1, v2, and v3 are the known original node voltages.

Sometimes, its adjoint nodes might also be added nodes. MA-
OMPt searches the nearest existed nodes to estimate v. After estab-
lishing v′ , MA-OMPt computes r and utilizes the similar procedure
shown in Section 2.2.1 to incrementally solve the global system. Fi-
nally, the internal node voltages and branch currents of each block
are updated by those solved global electrical values.

3. INCONSISTENT BASIS ISSUE OF INCRE-
MENTAL CIRCUIT SIMULATION

Transient behavior of power grids is continuous, and its behav-
ior at the current sampling time is related to the previous states.
Heuristically applying the incremental steady-state simulation meth-
ods [8,9] to perform the incremental transient simulation by choos-
ing bases repeatedly at different sampling times can cause the in-
consistent problem of bases and lead to severe errors.

The system equation of a power grid network can be written as

Gx + C
dx
dt

= b. (9)
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Figure 2: The initial voltage assignment of an added node in
MA-OMPt.

Here, C is an m × m capacitance and inductance matrix. Utilizing
the trapezoidal method, (9) becomes

(G +
2
h

C)x j = (−G +
2
h

C)x j−1 + b j−1 + b j. (10)

Here, x j−1/x j and b j−1/b j are the electrical variable vector and the
independent source vector at the ( j-1)-th/ j-th sampling time, re-
spectively. h is the time step.

After redesigning several element values, its electrical variable
vector can be obtained by solving

(G+
2
h

C)(x j +∆x j) = (−G+
2
h

C)(x j−1 +∆x j−1)+b
j−1

+b
j
. (11)

Here, G and C are the modified G and C, respectively. b
j−1

/b
j
and

∆x j−1/∆x j are the modified b and the incremental electrical variable
vector at the ( j-1)-th/ j-th sampling time, respectively.

Moving the known terms of (11) to its right hand side, we have

M∆x j − N∆x j−1 = b̃ j, (12)

where M = G + 2
h C, N = −G + 2

h C, and b̃ j = −Mx j + Nx j−1 + b
j
+

b
j−1

.
After ∆x j−1 being estimated at the ( j-1)-th sampling time, (12)

can be rewritten as
m∑

i=1

Mi∆x j
i = b̃ j +

m∑
i=1

Ni∆x j−1
i . (13)

Here, ∆x j−1
i /∆x j

i is the i-th entry of ∆x j−1/∆x j. Mi and Ni are the
i-th column of M and N, respectively.

Because the locality characteristic of power grids, ∆x j−1 and ∆x j

are sparse vectors. Hence, they can be recovered by the the OMP
technique [11].

Assume that two basis sets T =
{
Ms1 , · · · ,Msi , · · · ,Msl

}
and

S =
{
Ms1 , · · · ,Msi , · · · ,Msk

}
consist of l and k column vectors

picked from M, respectively. Here, l < k < m, Msi is the si-th
column of M, and T ⊂ S. ∆x j−1 is estimated by using T , and only
l corresponding values in ∆x j−1 (∆x j−1

s1 , · · · , ∆x j−1
sl ) are non-zeros.

Later, the basis set is changed to S at the j-th sampling time, and
(13) is approximated as

k∑
i=1

Msi ∆x j
si

= b̃ j +

l∑
i=1

Nsi ∆x j−1
si
. (14)

On the other hand, let us consider that S is utilized to estimate
the incremental electrical variable vector all the time as

k∑
i=1

Msi ∆x j
si

= b̃ j +

k∑
i=1

Nsi ∆x j−1
si
, (15)
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Figure 3: The effect of inconsistent bases in incremental tran-
sient analysis.

where ∆x j−1
si

/∆x j
si

is the estimated incremental value of the si-th
electrical variable at the ( j-1)-th/ j-th sampling time.

Obviously, the estimated incremental electrical variables between
(14) and (15) are different. By subtracting (14) from (15), the error
gap between them can be obtained as

k∑
i=1

Msi e
j
si

=

l∑
i=1

Nsi e
j−1
si

+

k∑
i=l+1

Nsi ∆x j−1
si
, (16)

where e j−1
si = ∆x j−1

si
− ∆x j−1

si , and e j
si = ∆x j

si
− ∆x j

si .
From (16), the error gap will influence the estimated results of

succeeding sampling times due to the continuous characteristic of
transient behavior. Though we assume T ⊂ S, the situation could
be worse in the reality. These picked bases might be partially dif-
ferent or even totally different. Hence, heuristically extending the
incremental steady-state simulation methods [8,9] to incrementally
estimate the transient behavior can cause severe error because bases
might be inconsistent at every sampling time, and lead the esti-
mated values to be unrecoverable.

To illustrate the error gap phenomenon, a test circuit with 40,000
nodes is generated by using the industrial parameters. After chang-
ing several element values, the incremental steady-state simulation
method is directly extended to perform the incremental transient
simulation, and the number of bases is changed from 16 to 53 at
the time point 1. The voltage waveform at a node is shown in Fig-
ure 3. It can be observed that the voltage at that node starts to move
up and down after the time point 1.

4. INCREMENTAL TRANSIENT SIMULA-
TOR

Given an RLC power grid network, in the beginning, its circuit
graph is built and partitioned by METIS [12]. Then, its transient
analysis is performed by using the macro modeling technique [1].
After that, its element values might be modified, or its topology
might be changed by designers.

To reanalyze this modified design, first, its graph information
needs to be reconstructed and will be described in Section 4.1.
Then, the developed incremental transient simulation procedure
presented in Algorithm 1 is executed in three phases as follows.
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Phase I: Establishment of Required Information
(Al, Sl)’s for the steady states of modified blocks are updated. If
there are added nodes, their artificial original electrical variable
values will be estimated by using a pseudo-node value estimation
method described in Section 4.2. After that, the global conductance
matrix Gg, the global capacitance and inductance matrix Cg, and
the AC global matrix Mg = Gg + 2

h Cg of the modified network are
constructed. Since the topology of power grids might be changed,
the dimension of Gg, Cg, and Mg might be different with that of the
original global matrices.
Phase II: Estimation of Incremental Steady-State Values
The updated steady-state Sl’s and global independent sources are
utilized to construct b, and the incremental global steady-state equa-
tion is written as

Gg∆x = b̃g. (17)

Here, b̃g= b −Ggx. x and ∆x are p × 1 original and incremental
steady-state electrical variable vectors, respectively.

MA-OMPt [9] is used to extract a basis set I and estimate the
incremental global steady-state electrical variable values. Here,
I=

{
Gg,s1 , · · · ,Gg,si , · · · ,Gg,sk

}
, and each Gg,si is the si-th column

of Gg. Then, the solution of (17) is substituted back into each par-
tition to obtain the internal steady-state electrical variable values.
Phase III: Estimation of Incremental Transient Values
The local S j and global independent source vector u j

g are updated
at the beginning of each sampling time, and the incremental AC
global equation is written as

Mg∆x j
= b̃ j

g + Ng∆x j−1
. (18)

Here, ∆x j−1
/∆x j is a p × 1 incremental electrical variable vector

of ports at the ( j-1)-th/ j-th sampling time, Ng = −Gg + 2
h Cg, and

b̃ j
g = −Mgx j + Ngx j−1 − S j + u j−1

g + u j
g.

Given the estimated b̃ j
g and ∆x j−1, the goal is to estimate ∆x j.

According to I, the AC initial basis set is constructed as D ={
Mg,s1 , · · · ,Mg,si , · · · ,Mg,sk

}
, and each Mg,si is the si-th column of

Mg. Hence, (18) can be approximated as

k∑
i=1

Mg,si ∆x j
si

= b̃ j
g + Ng∆x j−1

. (19)

With a preconditioner and the normal equation, (19) is solved by
the least squares fitting, and the residual is calculated as r j = b̃ j

g +

Ng∆x j−1
−Mg∆x j. Here, a developed adaptive error control proce-

dure is used to control the fitting error. It can automatically adjust
the basis set D for simultaneously satisfying the accuracy require-
ment and easing the inconsistent problem mentioned in Section 3.

Then, the incremental global transient solution is substituted back
into each partition to obtain the internal electrical variable values.

The preceding procedure is repeatedly used to solve (18) for each
sampling time. The criterion of basis set adjustment and the devel-
oped error control procedure will be detailed in Sections 4.3 and
4.4, respectively.

4.1 Graph Information Reconstruction
Two different change types, Change without adding nodes and

Change with adding nodes, are treated in the graph information re-
construction task.

Algorithm 1 Incremental Transient Simulation
Require: Information of the modified power grid network;
1: Do graph information reconstruction;
2: Update (Al,Sl)’s for changed blocks;
3: if there are added nodes then
4: Do original information estimation of added nodes;
5: end if
6: Extract DC initial basis set I;
7: Do OMP and modify I until residual r is sufficiently small;
8: Resolve electrical variables of internal nodes for chosen blocks;
9: Construct AC initial basis setD;

10: Generate the approximated AC incremental global equation withD;
11: for j = start_time→ end_time do
12: Update S j and u j

g;
13: Do least squares fitting and calculate residual r j;
14: if basis adjustment metric changes significantly then
15: Memorize j as the potential resetting point.
16: end if
17: if γ j exceeds a threshold then
18: Add more column vectors toD and I;
19: Track potential basis resetting points;
20: if no basis resetting point then
21: Go back to Step 7;
22: else
23: Generate the approximated AC incremental global equation withD;
24: Set j = basis resetting point and go back to Step 12;
25: end if
26: end if
27: Resolve electrical variables of internal nodes for chosen blocks;
28: end for

4.1.1 Change without adding nodes
Three different situations, value modification of existing element,

element insertion between nodes, and node deletion, are consid-
ered. As an element value is modified, we only need to find its
corresponding link in the original graph and change its value. Af-
ter inserting an element between two nodes, we just need to add a
new link between them. To delete a node, we need to find its ad-
joint nodes, eliminate all links connected to this deleted node, and
remove the information of this deleted node.

4.1.2 Change with adding nodes
To add nodes into the design, we not only need to insert extra

nodes and links to the original graph, but also need to determine
which partitions these extra nodes belong to. To have less num-
ber of global links, we should take the cut set of modified graph
into consideration. Therefore, an inserted node is assigned to the
partition which most of its adjoint nodes belong to. However, the
adjoint nodes of an inserted node might also be inserted nodes. The
preceding assigned rule is utilized to these adjoint nodes first, and
this procedure is repeatedly performed until all inserted nodes have
been assigned. After the partition of each inserted node being de-
termined, the macro modeling information will be constructed.

4.2 Pseudo-Node Value Estimation for Added
Nodes

To build the artificial original electrical variable values of added
nodes at each sampling time, let’s consider the companion model of
a capacitance or an inductance as shown in Figure 4(a). It consists
of a resistance and a current source in parallel.
Capacitance: The voltage across the capacitance at the j-th sam-
pling time is equal to

u j
C −

ICeq

1Ceq
=

i j
C

1Ceq
. (20)

Here, ICeq = i j−1
C +1Cequ j−1

C . u j−1
C /u j

C and i j−1
C /i j

C are the voltage across
the capacitance and the current flowing through the capacitance at
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Figure 4: (a) Companion model. (b) An example of added node
with capacitance and inductance.

( j-1)-th/ j-th sampling time, respectively. 1Ceq = 2c
h , i j

C = 1Cequ j −

ICeq, and c is the capacitance value.
Inductance: The voltage across the inductance at the j-th sampling
time is equal to

u j
L −

ILeq

1Leq
=

i j
L

1Leq
(21)

Here, ILeq = −i j−1
L − 1Lequ j−1

L . u j−1
L /u j

L and i j−1
L /i j

L are the volt-
age across the inductance and the current flowing through the in-
ductance at ( j-1)-th/ j-th sampling time, respectively. 1Leq = h

2l ,
i j
L = 1Lequ j

L − ILeq, and l is the inductance value.
(20) and (21) are similar to Ohm’s law. Hence, the same idea in

Section 2.2.2 can be used to build the artificial original electrical
variable value of an added node except that the term ICeq

1Ceq
/

ILeq
1Leq

needs
to be included. For example, as shown in Figure 4(b), the red node
is an added node after modifying the power grid, and blue nodes
are its adjoint nodes with known original electrical variable values.
The artificial original voltage of this added node is built as

vnew =
1R

1total
vR +

1Ceq

1total
(vC +

ICeq

1Ceq
) +
1Leq

1total
(vL +

ILeq

1Leq
). (22)

Here, 1Ceq and ICeq are the parameters of capacitance’s companion
model. 1Leq and ILeq are the parameters of inductance’s companion
model, and 1total = 1R + 1Ceq + 1Leq.

The adjoint nodes of an added node might also be added nodes.
The preceding estimation method is applied to these adjoint nodes
first, and this procedure is repeatedly performed until the artificial
original electrical variable values of all added nodes are calculated.

4.3 Basis Set Adjustment Criterion
To simultaneously maintain the accuracy requirement and ease

the inconsistent problem while changing the basis set, the error gap
between different basis sets must be small enough. To judge the
error gap at the j-th sampling time, first, the incremental values are
estimated separately by the current basis set T and a new basis set
S. After that, both estimated incremental values corresponding to
each column vector of T are compared. If each difference satisfies
the following criterion, the basis set adjustment is allowed.

|∆vT − ∆vS| ≤ 10−3 &
∣∣∣∣∣∆vT − ∆vS

∆vT

∣∣∣∣∣ ≤ 10−4,

|∆iT − ∆iS| ≤ 10−6 &

∣∣∣∣∣∣∆iT − ∆iS
∆iT

∣∣∣∣∣∣ ≤ 10−4,
(23)

where ∆vT /∆iT and ∆vS/∆iS are the incremental voltage/current
values estimated by T and S, respectively.
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Figure 5: An example of basis set adjustment.

Figure 6: An example of adaptive error control.

For example, given a modified power grid network that is solved
by the macro modeling technique [1] and incrementally estimated
by two different basis sets, the voltage waveform of a node is shown
in Figure 5. The point that we are seeking is the “basis set ad-
justment point” presented in Figure 5. It shows that the estimated
values by Basis set 1 and Basis set 2 are almost the same at this
sampling time, and the accuracy is improved after this sampling
time if the basis set is switched to Basis set 2 at this sampling time.
Therefore, we can combine Basis set 1 and Basis set 2 to perform
the simulation as shown in the red line of Figure 5(b).

To find basis set adjustment points by checking all previous sam-
pling times is time consuming. An effective searching procedure
will be introduced and described in the next section.

4.4 Adaptive Error Control Procedure
The adaptive error control procedure consists of two schemes–

Potential basis resetting point memorization scheme and Basis re-
setting point tracking scheme, and is illustrated in Figure 6. The
memorization scheme checks and stores several sampling times as
the potential basis resetting points such as the resetting points 1 and
2 while performing the incremental transient simulation. As the
residual exceeds the threshold at the sampling time pvio, the track-
ing scheme goes back to the nearest potential resetting point 2. If
the error gap at this sampling time is small enough, the incremen-
tal simulator will keep analyzing the circuit for succeeding sam-
pling times from this basis resetting point. Otherwise, the tracking
scheme goes back further to check another potential basis resetting
point. These two schemes are detailed in the following subsections.
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4.4.1 Potential Basis Resetting Point Memorization
Scheme

The basis sets can be switched only when the error gap between
them is small enough. However, it wastes too much time and re-
source for checking the error gap node by node at each sampling
time. Hence, instead of using the basis set adjustment criterion (23),
the potential basis resetting point memorization scheme utilizes the
residual to search potential (possible) resetting sampling times.

The basis adjustment metric at the j-th sampling time, γ j, is
defined as the root mean square value of non-zero parts in the
residual at the j-th sampling time, and its difference is defined as
δ j = |γ j − γ j−1|. Given a suitable basis set, generally, its basis ad-
justment metrics are within an error margin as shown in Figure 7.
When the basis adjustment metric difference changes significantly,
it means that the basis set currently used is not suitable for estimat-
ing the incremental values at the current sampling time and needs to
be reset. Hence, as the basis adjustment metric difference changes
significantly at the j-th sampling time, the ( j-1)-th sampling time
is memorized as a potential basis resetting point.

With this scheme, as the residual exceeds the threshold, only
these memorized points need to be checked. As shown in Figure 7,
the sampling time before the residual intending to drastically grow
is saved as a potential point for resetting the basis set.

4.4.2 Basis Resetting Point Tracking Scheme
The main function of this scheme is choosing a suitable sampling

time to reset the basis set for continuously finishing the incremen-
tal transient simulation. If the residual at the current sampling time
exceeds a given threshold, it will track back, pick the nearest po-
tential reseting point, and check whether the basis set adjustment
criterion (23) is satisfied. If the error gap is sufficiently small, the
developed simulator will go back to this potential resetting point,
reset the basis set, and continuously perform the incremental tran-
sient analysis. Otherwise, it will go back further and perform the
above procedure until a suitable resetting point is reached.

By the preceding schemes, only very few sampling times need
to be checked, and the incremental transient simulation procedure
can be more efficient and smooth.
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Figure 8: The voltage waveform at a node of the 1.05M test
case.

5. EXPERIMENTAL RESULTS
The developed incremental transient simulator is implemented

by C++ language and tested on Linux with Intel Xeon 2.4GHz
CPU and 96G RAM. The test circuits are randomly generated RLC
power grid networks by using industrial parameters with 1 volt sup-
ply voltage. The results are compared with a hierarchical method [1],
an iterative solver GMRES [13], and a heuristic OMP-like incre-
mental solver1. The time step is 10 ps.

To show the ability of the proposed method for dealing with the
change of multiple-element values, several element values and the
values of current drawn in different blocks are changed, and the
results are shown in Table 1. There are four test circuits, and the
percentage of modified blocks is around 3.75% for each circuit.
Here, emax and eavg of GMRES [13], the OMP-like incremental
solver, and the proposed method represent the maximum and av-
erage absolute errors compared with the hierarchical method [1],
respectively. It can be observed that the proposed method not only
achieves orders of magnitude speedup and 10× speedup over the
hierarchical method [1] and GMRES [13], respectively, but also
maintains the accuracy. The maximum absolute error is less than 1
mV for each circuit, and the average absolute error is very small.
Compared with the OMP-like incremental solver, the speedup ra-
tio is over 2.3 for each circuit. The voltage waveform at a node
is shown in Figure 8. The pink line is its original waveform. The
blue dash line and the green star line are its modified waveform
calculated by the hierarchical method and the proposed method,
respectively. The distribution of incremental voltages at 420 ps for
the 1.05M test case is shown in Figure 9. Figures 9(a) and (b) are
obtained by the hierarchical method [1] and the proposed method,
respectively. It can be observed that the results of proposed method
fit quite well with the exact solution. These figures demonstrate
that the proposed method can successfully capture the transient be-
havior of the modified power grid network.

To further discuss the influence of modified block percentage,

1This heuristic OMP-like incremental solver is performed as fol-
lows. The OMP [8] is executed at each sampling time. As the
residual exceeds the give threshold during the incremental transient
analysis procedure, the incremental simulation is restarted from the
beginning with a new basis set for avoiding the inconsistent basis
problem.
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Table 1: Comparison of the Proposed method, the Hierarchical method [1], GMRES [13], and the OMP-like incremental solver by
modifying several regions.

Number Number Modified Hierarchical [1] GMRES [13] OMP-like Proposed Method Speedup
of of Blocks Runtime emax eavg Runtime emax eavg Runtime emax eavg Runtime [1] [13] OMP-like

Nodes Blocks (sec) (mV) (mV) (sec) (mV) (mV) (sec) (mV) (mV) (sec) (×) (×) (×)
1.05M 160 6 426.88 0.11 1.97e-4 128.28 0.05 6.17e-4 31.91 0.04 9.0e-4 8.97 47.6 14.3 3.6
1.86M 180 7 1207.51 0.14 3.92e-3 197.16 0.27 2.82e-2 34.35 0.11 1.1e-3 15.24 79.2 12.9 2.3
2.54M 220 9 2005.05 0.99 1.81e-3 211.06 0.94 1.56e-2 58.92 0.94 1.2e-3 17.16 116.8 12.3 3.4
4.60M 220 9 3241.51 0.60 1.70e-3 291.23 0.56 1.07e-2 77.67 0.61 1.0e-2 29.04 111.6 10.0 2.7
† the number of sampling times is 50.

Figure 9: The distribution of incremental voltages at 420 ps for the 1.05M test case obtained by (a) the Hierarchical method [1] and
(b) the Proposed method.

Table 2: Comparison of the Proposed method, the Hierarchical method [1], GMRES [13], and an OMP-like method with various
percentages of modified blocks.

Modified Hierarchical [1] GMRES [13] OMP-like Proposed Method Speedup
Blocks Runtime emax eavg Runtime emax eavg Runtime emax eavg Runtime [1] [13] OMP-like

(sec) (mV) (mV) (sec) (mV) (mV) (sec) (mV) (mV) (sec) (×) (×) (×)
1 430.57 0.13 2.50e-4 128.28 2.0e-3 8.8e-4 10.77 1.0e-3 1.0e-4 3.69 116.7 34.8 2.9
6 426.88 0.11 1.97e-4 128.28 5.2e-2 6.17e-4 31.91 4.0e-2 9.0e-4 8.97 47.6 14.3 3.6

29 427.10 0.20 7.71e-3 125.06 2.3e-1 4.88e-3 175.31 2.3e-1 3.0e-4 17.68 24.2 7.1 9.9
46 427.97 2.08 3.79e-2 119.04 3.5e-0 4.68e-2 722.66 2.4e-0 3.5e-2 28.02 15.3 4.2 25.8

† the number of blocks is 160, and the number of sampling times is 50.

Table 3: Comparison of the Proposed method, the Hierarchical method [1], and GMRES [13] with deleting/adding nodes and
changing values of elements

Number Number Modified Added Deleted Hierarchical [1] GMRES [13] Proposed Method Speedup
of of Blocks Ports Nodes Runtime emax eavg Runtime emax eavg Runtime [1] [13]

Nodes Blocks (sec) (mV) (mV) (sec) (mV) (mV) (sec) (×) (×)
1.05M 160 13 10 10 426.45 0.39 8.52e-3 123.00 0.35 2.10e-3 11.10 38.4 11.1
1.05M 160 15 20 20 427.04 3.70 4.53e-2 118.25 3.85 3.78e-2 14.15 30.2 8.4
4.60M 220 13 10 10 3241.88 2.48 1.75e-2 277.82 2.75 4.36e-2 46.02 70.4 6.0
4.60M 220 15 20 20 3167.51 2.59 1.89e-2 277.82 3.19 5.20e-2 51.01 62.1 5.4
† the number of sampling times is 50.
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Table 4: Comparison of the Proposed method, the Hierarchical method [1], and GMRES [13] with various numbers of sampling
times.

Number Hierarchical [1] GMRES [13] Proposed Method Speedup
of Runtime emax eavg Runtime emax eavg Runtime [1] [13]

Sampling Times (sec) (mV) (mV) (sec) (mV) (mV) (sec) (×) (×)
50 277.25 0.34 3.92e-3 32.4 0.46 6.36e-3 2.34 118.5 13.8
250 482.12 0.85 3.31e-2 132.0 1.25 3.10e-2 10.70 45.3 12.3
500 720.84 1.33 2.19e-2 257.1 2.16 3.61e-2 57.39 12.6 4.5
750 1007.94 2.32 3.09e-2 390.9 3.47 4.88e-2 84.98 11.9 4.6

1000 1242.23 3.13 7.13e-2 530.9 4.01 6.24e-2 112.57 11.0 4.7
1250 1751.19 3.99 9.66e-2 670.6 4.01 7.32e-2 140.32 12.5 4.8

† the number of nodes is 814K, and the number of blocks is 120.
† the number of modified blocks is 4, and the number of added nodes is 10
† the number of deleted nodes is 10.

the number of modified blocks of the test circuit with 1.05M nodes
is varied from 1 to 46, and the results are illustrated in Table 2.
The maximum percentage of modified blocks is about 30% of the
original power grid network, and hundreds of element values are
changed. As the percentage of modified blocks gets higher, the
runtime becomes longer, and the maximum error becomes larger.
However, the maximum absolute error is merely 2.4 mV that is
about 0.24%, and the runtime is still an order of magnitude less
than the hierarchical method [1] even one-third of blocks being
modified. In addition, the proposed method maintains at least 4.2×
speedup over GMRES [13] under the same level of accuracy. Fur-
thermore, compared with the OMP-like incremental solver, the pro-
posed method is much more robust and efficient while facing the
significant modification of power grids.

To demonstrate the ability of the proposed method for simulta-
neously dealing with the adjusted values of elements and the mod-
ified topologies, we change several element values, delete nodes,
and add nodes and ports in the test circuits with 1.05M and 4.6M
nodes. Since the heuristic OMP-like incremental solver cannot deal
with the topology change, the proposed method is only compared
with the hierarchical method [1] and GMRES [13]. The results are
shown in Table 3. It can be observed that the maximum absolute
error is less than 4 mV that is about 0.4%, and the average abso-
lute error is less than 0.1 mV for both cases. Furthermore, with a
large portion change of topology and element values, the proposed
method still keeps an order of magnitude speedup over the hierar-
chical method [1], and about 5 times faster than GMRES [13]. The
proposed method is quite robust, efficient, and reliable.

Generally, the error might convey to the succeeding sampling
times while doing the incremental transient analysis, so we test the
proposed method with various numbers of sampling times. The test
circuit has 814K nodes and is partitioned to 120 blocks. 4 blocks
are modified, 10 nodes are added, 10 nodes are deleted, and the
numbers of sampling times are 50, 250, 500, 750, 1000, and 1250.
From Table 4, their maximum errors are at the same level while
the average errors slightly grow. In addition, the speedup ratio still
maintains a good level, which is about 11 compared with the hi-
erarchical method [1] and about 5 compared with GMRES [13].
It shows that the proposed method is quite robust and reliable for
capturing the transient behavior under long simulation time.

6. CONCLUSION
An efficient and reliable incremental transient simulator for the

power grid was developed. The experimental results have shown
that it can fast, accurately, and robustly capture the transient be-
havior of the power grid after modifying its topologies or/and the
values of existing elements.
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