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Abstract-As VLSI techniques are getting more and more ad
vanced, the size of the power grid network increases dramatically. 
Therefore, the power grid analysis becomes a challenging task 
during the design procedure. 

This work utilizes the macromodeling technique [1] and 
enhances the Orthogonal Matching Pursuit (OMP) based 
method [2] to develop an effective and robust incremental analysis 
method for the power grid network, MA-OMPt. Given a power 
grid network, MA-OMPt not only can deal with the change of 
its element values but also can handle the modification of its 
topology. The experimental results show that MA-OMPt can be 
an order of magnitude faster than the OMP-based method [2] 
which can only deal with the change of element values of the 
power grid. The experimental results also demonstrate that MA
OMpt can accurately and efficiently handle the modified topology 
of the power grid network. 

I. INTRODUCTION 

With the new process of VLSI techniques, there are more 
devices on a chip. To keep the correct operation of a chip, 
it becomes an important issue of providing appropriate power 
grid design for devices. At the same time, power grid analysis 
is also getting more complex and becomes a new challenge 
during the design procedure. Generally speaking, IR-drop 
analysis is one of the most useful parts of the power grid 
analysis during the design stage. To perform the IR-drop anal
ysis, the power grid is considered as a pure resistive network 
with many current and voltage sources. After transforming 
the voltage sources to the current sources and utilizing the 
modified nodal analysis (MNA) method, the system equation 
of power grid network with n nodes can be represented as 

GV=I, (1) 

where G is an n x n conductance matrix, V is an n x 1 nodal 
voltage vector, and I is an n x 1 current vector. 

Because n is often a very large number, it is hard to solve 
G-1 directly. Therefore, to effectively analyze the power grid 
network, many methods have been proposed, such as divide
and-conquer strategies [1], [3]-[5], preconditioned conjugate 
gradient methods [6], [7], multi-grid solvers [8]-[10], and 
the random walk algorithm [11]. Most of existing methods 
focus on reducing the runtime and memory usage of full
chip power-grid analysis. However, to save the analysis time, 
how to incrementally analyze the power grid design is worth 
studying when its element values (e.g., wire widths, current 
consumption of devices) are changed, and/or its topology is 
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modified. Recently, by using the orthogonal matching pursuit 
(OMP) algorithm [12], [2] developed a sparse approximation 
technique to incrementally analyze the power grid. Although 
it can fast analyze the local incremental design, it takes much 
of the computational cost when too many element values are 
changed. Besides, it cannot handle the case as the topology of 
power grid is modified. 

This work will apply the macromodeling technique [1] and 
enhance the OMP-based method [2] to develop an effective 
and robust incremental analysis method for the power grid. 
We call this method MA-OMPt. Given a power grid network, 
MA-OMPt not only can deal with the change of its element 
values, but also can handle the modification of its topology. 
Hence, MA-OMPt is very suitable to be the simulation kernel 
for the power grid design procedure. 

The rest of this work is organized as follows. Section II 
reviews and discusses the macromodeling approach [1] and 
the OMP-based method [2]. Then, section III details the pro
posed method, MA-OMPt. Finally, the experimental results are 
shown in section IV, and conclusions are given in section V. 

II. REV IEW OF PRIOR WORKS 

A. Macromodeling based Power Grid Analysis [1J 

To perform the macromodeling approach for analyzing the 
power grid network, first, the entire power grid is divided into 
several blocks. Each block contains internal nodes inside it 
and interface nodes which are called ports or global nodes 
between blocks. The connection between those global nodes 
can be used to construct the global equation. When we solve 
the global equation, each block is considered as a multiport 
linear element which its dimension is equal to the number of 
ports. Therefore, a good partition method is needed to divide 
the entire power grid into several balanced blocks with small 
numbers of ports. Generally, we can also merge neighboring 
nodes that have strong-links between them into one node to 
further reduce the grid size. Here, we use the graph partition 
technology "METIS" which was described in [13], [14] to 
partition the entire grid. In addition to using the graph partition 
technology, the partition can also be decided by designers, too. 

After the entire power grid network has been divided into 
several blocks, each block is viewed as a macromodel that is 
illustrated in Fig. 1. The system equation of each macromodel 
can be written as 
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Fig. 1. Macromodel. 

Here, m is the number of ports in a block, I is the vector of 
currents that flow into the block from ports, V is the nodal 
voltage vector of the ports, A is the admittance matrix of 
ports, and S is the vector of current sources between ports 
and ground. The macromodel (A, S) can be calculated by the 
block's MNA factorization. More details can be found in [1]. 

As (A, S) for each block is created, the entire power grid 
network can be considered as a global grid network with 
macromadels and conductance links between ports. In [1], 
it considered an extra block called the global partition to 
represent the global links and global nodes. However, there 
is no global node in our work, we only consider global links 
between blocks, and the global equation in this work can be 
written as 

G1k 1 [V1 1 [ -S1 1 
G2k V2 -S2 

AklDk Jk - -�k 

(3) 

where i E [1, kJ, Gij is the conductance matrix between block 
i and block j, Si is the vector of currents between ports and 
ground for block i, Vi is the nodal voltage vector of the ports 
for block i, Ai is the port admittance matrix of block i, and 
Di is a diagonal matrix that represents global links between 
block i and other blocks. 

After solving (3), the voltages at internal nodes of each 
block can be solved individually. The macromodeling based 
method performs well for the full chip power grid analysis. 
Now, let's consider how to effectively re-use the marcomodels 
after several blocks are changed by designers. The macromod
eling based method needs only to re-calculate the (A, S)'s of 
changed blocks. However, (3) needs to be resolved and takes 
the most computational cost. To conquer this problem, the 
OMP techniques [2], [12] can be appropriately utilized and 
enhanced to solve (3). 

B. OMP-based Incremental Analysis [2] 

Let's consider that several element values of the power 
grid network are changed during a design iteration. Since the 
topology of the power grid network does not change, the new 
MNA equation corresponding to (1) can be written as 

GV=I, (4) 

where G is an n x rl:.. conductance matrix, V is an n x 1 nodal 
voltage vector, and I is an n x 1 current vector. 

According to (1), G, V and I are known. Subtracting (1) 
from (4), the "incremental MNA equation" can be written as 

GD=R, 
d f � def � � where D � V - V, and R = 1- GV. 

(5) 

Generally, a power grid network is often updated with local 
changes. It means that only the nodal voltages at those nodes 
close to the changed regions are varied. This concept is called 
the locality that has been presented in [5], [15]. Therefore, D 
has many zero entries, is very sparse, and can be effectively 
solved by the OMP algorithm [12]. 

To utilize the OMP algorithm, first, (5) is split as 

01 

=R. (6) 

On 

Here, each Gi is a column vector for i = 1,2,·· . n, and 0i 
is its related coefficient. In other words, R can be !epresented 
as a linear combination of those column vectors Gi's. 

The most important idea of OMP algorithm [12] is that D 
is very sparse, and Gi might be an important basis for R if 0i 
is non-zero. Therefore, the important column vectors can be 
picked up by using the following criterion. 

Ci = I (Gi, R) I ,(i = 1,2,··· ,n) . 
(Gi, Gi) 

(7) 

Here (-, .) i� an inner product operator. If Ci 2: t (t is a given 
threshold), Gi should be chosen as the basis. Then, a vector 
Ii is linearly combined by these bases to approximate R. 
Since these bases may not be orthogonal, the coefficients of 
bases must be calcul�ted by least-squares (or called the norm�l 
equation) [16]. As R is obtained, the residual E = R - R 
is calculated. If E is small, the OMP algorithm is done. 
Otherwise, the normalized inner product is performed again 
to choose extra bases from the rest column vectors that are 
not chosen in the previous process, and the least squares are 
executed for all chosen vectors. This process is performed 
iteratively until E is smaller than the user-defined value. 

III. MA-OMPt: THE PROPOSED METHOD 

Using MA-OMPt as a simulation kernel for the power grid 
design procedure can be illustrated in Fig. 2. First, given a 
power grid network, the macromodel (Ai, Si) of each block 
i is generated, and the full-chip power-grid analysis can be 
performed by the macromodeling approach [1]. As the power 
grid is changed after a design iteration, MA-OMPt can be used 
to incrementally updated the nodal voltages. 

As presented in Fig. 2, the macrmodels of changed blocks 
are fast updated with the low computational cost. At the same 
time, if the number of ports is changed, the nodal voltages at 
those ports will be initialized by a simple and yet effective 
initializing method described in section III-A. Next, with the 
sparse technique (described in section III-B) that can maintain 
the accuracy of solutions but has less non-zero values in the 
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Fig. 2. The flow chart of MA-OMPt. 
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global equation, MA-OMPt generates a new global equation 
using (Ai, Si)'S from all blocks. Since the computational cost 
is high to solve the new global equation directly, the enhanced 
OMP-based method (described in section III-A), which can 
simultaneously deal with the change of element values and 
the modification of topology, is developed to solve the global 
equation. After solving the global equation, the nodal voltages 
of all internal nodes can be obtained easily. 

A. The Enhanced OMP-based Method for the Global Equation 

Although the OMP-based method [2] is effective to incre
mentally analyze the power grid network after changing the 
element values, it has some limitation. If designers modify 
the topology of power-grid network, the number of nodes 
on the power grid might be increased or decreased, and the 
matrix dimension of G might be changed. Therefore, those 
nodes do not have the original solution to be the initial 
values for the OMP-based method [2], and the OMP-based 
method developed in [2] can not be used. We utilize the 
macromodeling approach [1] and develop an enhanced OMP
based method to fix this problem. 

When we deal with the global equation in the macromodel
ing approach, the number of variables is equal to the number of 
ports. It means that we can solve the global equation without 
considering the altering of internal nodes in all blocks, and 
hence the dimension of the problem can be reduced. If only 
the number of variables in the internal nodes is changed, the 
number of variables for the global equation is not changed. 
Hence, the OMP-based method can be used to solve the global 
equation since the dimension of global matrix is still fixed. 

However, sometimes the topology of the power grid is 
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Fig. 3. An example for assigning the initial voltage of a new node. 

modified, and the number of ports is changed. Hence, the 
dimensions mismatch between V which contains port voltages 
q!" the original global grid and the new nodal voltage vector 
V which contains port voltages of the modified topology. 
Therefore, the OMP-based method cannot be used directly. 
If the ports that exist in the original global grid are deleted 
because of the topology modification, those po� voltages are 
removed from V to match the dimension of V. If the new 
ports are generated because of the topology modification, those 
ports do not have the original values. To solve this problem, 
we develop a method to assign initial nodal voltages for these 
extra ports. The method can be represented as 

V' 
= V + Vex. (8) 

Here, the dim�nsions of these t!!ree vectors in (8) match the 
dimension of V. The entries of V contain port voltages of the 
original global grid and zeros of the extra ports. The entries of 
Vex only contain the assigned port voltages for the extra ports. 
V' can be called the "initial nodal voltage vector" by summing 

� , def � , V and Vex. Using V , we can calculate D = V - V that 
is described in (5). 

To generate Vex, we can assign an initial nodal voltage 
for each extra port by its adjacent nodes that have initial 
nodal voltages. The assigned voltage is proportional to the 
conductances between this port and its adjacent nodes. For 
example, in Fig. 3, the red node is a new node after a power
grid design iteration, and the blue nodes are existed nodes that 
have initial values. the initial value to this new node can be 
assigned as 

V = � �+ � �+ � �. M gl +g2+g3 gl +g2+g3 gl +g2+g3 

Sometimes, its adjacent nodes might also be extra nodes and 
have no initial values, neither. Therefore, we find its nearest 
nodes among the global grid (or graph) that have initial values, 
and similarly use (9) to assign its initial value. To generate the 
related global grid (or graph) of each block i, Ai can be viewed 
as the system matrix of "an equivalent circuit" constructed 
by the ports belong to block i as illustrated in Fig. 4. The 
related global grid (or graph) of block i can be generated by 
assigning the related equivalent resistance to be the weight of 
each edge. The initial value assigned algorithm is summarized 
in Algorithm 1. 

When a new node is generated by the power grid design 
process, this new node is viewed as the changed part. Hence, 
the variation (j on this node should not be zero. However, we 
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Fig. 4. An example for an equivalent circuit of ports. 

Algorithm 1 Initial Value Assigned Algorithm 
Require: extra nodes do not have initial values; 
Ensure: initial values for all extra nodes; 

Pl 

P2 

P3 

1: generate the global graph from A's of all blocks and global 
links; 

2: for each extra node do 
3: 

4: 

use shortest path search to find its neighboring nodes 
having initial values and calculate the related approxi
mated equivalent resistances (conductances); 

calculate its initial value V = L fJ Vi. Here each i is 
a neighboring node of this extra node and C = L gi; 

5: end for 

still hope that the initial voltages on each new node are close 
to the real solution and lead the residuals as small as possible, 
so we assign its initial voltages by neighboring nodes. By this 
assigned method, the developed enhanced OMP-based method 
can also deal with the topology modification as well as the 
change of element values. 

B. Locality and Weak Connectivity of the Global Grid 

Let's discuss two properties of the global grid for generating 
the global equation. An example of the global grid is illustrated 
in Fig. 5. Fig. 5.(a) shows the entire grid with several blocks. 
The red points are ports, and the global grid is built by 
combining ports, blue lines and global links that are connected 
between ports. After the macromodels are generated, the 
global grid can be presented in Fig. 5.(b). We can observe that 
the global grid has less nodes but it still expands for the entire 
chip. Since the connection of the global grid is constructed 
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Fig. 5. An example of the global grid. 
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Fig. 6. An example of weak connectivity. 

by the power grid network, the global grid still holds the 
locality property. Therefore, the enhanced OMP-based method 
is very suitable for solving the global equation. For example, 
the yellow region in Fig. 5.(b) is the changed region, and 
we can use the enhanced OMP-based method to solve the 
voltage variations on those ports. After solving nodal voltages 
on the ports, the new nodal voltages of internal nodes can be 
quickly solved by the forward and backward methods since all 
block matrices have been factorized for creating (A, S) in the 
previous process. Besides, we can observe that each port is 
often connected to other ports which are in different blocks, 
so we can easily estimate the initial value of the extra port 
from its existed neighboring ports. 

Let's consider the port admittance matrix Ai for each block i 
in the global equation (3). Ai is often a dense matrix. However, 
in fact, many of its ports are not connected directly and are 
connected via different paths along several internal wires, and 
hence, many ports are weakly connected (i.e., the equivalent 
connected resistance between two ports is large.). For example, 
as illustrated in Fig. 6, the upper left ports and the lower right 
ports are connected in A but the distances between them are 
very large in the circuit. Hence, they can be called weakly 
connected. In other words, there are many small values in A, 
and they can be ignored. Using this sparse technique, we can 
save the runtime and still maintain the accuracy level. 

The MA-OMPt method is summarized in Algorithm 2. 

Algorithm 2 MA-OMPt Algorithm 
Require: information of modified blocks; 
Ensure: updated nodal voltage for each node; 

1: update (A, S) for changed blocks; 
2: if there are deleted original nodes then 
3: delete the voltages of these nodes in V' and reduce 

the dimension of V' ; 
4: end if 
5: if there are extra nodes then 
6: do initial value assigned algorithm for these extra 

nodes; 
7: end if 
8: generate the incremental global equation by CD 

with sparse technique; 
9: do OMP until residul E is sufficiently small; 

10: resolve voltages of internal nodes for all blocks; 

R 



TABLE I 
COMPARISON OF WITH AND WITHOUT THE SPARSE TECHNIQUE 

Number Without Sparse Technique 
of EAve EMAX Runtime 

Nodes (mV) (mV) (sec) 
160K 0.114 2.808 0.14 

1M 0.018 2.418 1.05 

IV. EXPERIMENTAL RESULTS 

The proposed method, MA-OMPt, is implemented by C++ 
language and tested on the Linux OS with Intel Xeon 3.0-
GHz CPU and 32G RAM. Using the circuit parameter values 
from the industry, the 3D power grid networks with two tiers 
are randomly generated as test circuits. Each tier has the top 
and bottom layers, and layers are connected by vias. Two tiers 
are connected by through silicon vias. The voltage sources are 
only located on one tier with the C4 type, and the value of 
each voltage source is 1 volt. In the next subsections, EAVG 
(the average error) and EMAX (the max error) in all tables 
are obtained by comparing the results of MA-OMPt with the 
results obtained by a sparse LU-decomposition based matrix 
solver. 

A. Validation of the Sparse Technique 

First, we demonstrate the sparse technique described in 
section III-B for MA-OMPt. TABLE I shows the runtime 
and accuracy comparison. From TABLE I, it can be observed 
that the runtime can be saved over 13% by using the sparse 
technique to implement MA-OMPt without losing its accuracy 
level. In the rest of this section, MA-OMPt is implemented 
with the sparse technique. 

B. Efficiency Demonstration of MA-OMPt 

In this subsection, we demonstrate the efficiency and accu
racy of MA-OMPt by comparing its results with the results 
got from the macromodeling approach [1] and the OMP-based 
method [2]. 

Since the OMP-based method [2] can only deal with the 
change of element values of the power grid network, the test 
networks only change the element values. TABLE II shows the 
results with only changing the element values in a single block. 
The "Total Runtime" for the macromodeling approach [1] 
or MA-OMPt is the runtime for updating (A, S) (only the 
changed region needs to be updated), solving the global 
equation and resolving the voltages of internal nodes. It can 
be observed that MA-OMPt can be two orders of magnitude 
faster than the (incremental) macromodeling approach [1] . 
With the same accuracy level, MA-OMPt can be a few times 
faster than the OMP-based method [2] even only one region 
is changed. 

To further investigate the accuracy and efficiency of MA
OMPt, several local regions are simultaneously changed for 
the test network with 160K nodes. The results obtained by 
the OMP-base method [2] and MA-OMPt are shown in 
TABLE III. With the same accuracy level, we can find that 
MA-OMPt performs very well as multiple local regions are 
changed. MA-OMPt can be an order of magnitude faster 

With Sparse Technique 
EAve EMAX Runtime Speedup 

(mV) (mV) (sec) (X) 
0.114 2.808 0.12 1.17 
0.018 2.418 0.93 1.13 

than the OMP-based method [2]. From the results, it can be 
observed that when the number of changed regions increases 
the OMP-based method [2] is hard to find all voltage variations 
of changed nodes. However, MA-OMPt is very robust and 
effective. 

Given a power grid network with 160K nodes, the results 
of variations 0 in (5) on the top layer of tier 1 after changing 
there local regions are plotted in Fig. 7 and Fig. 8. Fig. 7 
shows the results got by the LU-decomposition based matrix 
solver, and the maximum voltage variation is equal to 29.9 
mY. Fig. 8 presents the results estimated by MA-OMPt, and 
the maximum voltage variation is 29.4 mY. We can observe 
that the results of MA-OMPt fits quite well with the the LU
decomposition based matrix solver. 

Fig. 7. 

Fig. 8. 
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TABLE II 
COMPARISON OF MACROMODELING ApPROACH (INCREMENTAL) [1], OMP-BASED METHOD [2], AND MA-OMPt BY CHANGING A LOCAL REGION . 

Macromodeling (incremental) [1] OMP-based Method [2] MA-OMP Speedup 
Nodes Blocks Global equation Total Total EAVG EMAX Global equation Total EAVG EMAX [1] [2] 

Runtime Runtime Runtime Runtime Runtime 
(sec) (sec) (sec) (mV) (mV) (sec) (sec) (mY) (mV) (x) (x) 

160K 36 43.77 44.24 2.72 0.114 2.966 0.12 0.59 0.114 2.808 74.98 4.61 
360K 81 160.90 161.40 6.88 0.050 2.711 0.27 0.77 0.049 2.531 209.61 8.93 
640K 144 442.27 442.60 12.75 0.063 2.993 0.83 1.16 0.060 2.340 381.55 10.99 

1M 225 854.75 854.58 16.46 0.D18 2.778 0.93 1.76 0.D18 2.418 486.13 9.35 

TABLE III 
COMPARISON OF OMP-BASED METHOD [2] AND MA-OMPt BY CHANGING MULTIPLE LOCAL REGIONS. 

Number of OMP-based Method MA-OMP" Speedup 
Changed EAVG EMAX Total EAVG EMAX Total 
Blocks Runtime Runtime 

(mV) (mV) (sec) (mV) (mV) (sec) (x) 
1 0.114 2.966 2.72 0.114 2.808 0.59 4.61 
2 0.196 3.070 5.91 0.186 2.814 1.11 5.32 
3 0.314 3.102 12.00 0.294 2.828 1.70 7.06 
4 0.349 2.928 28.76 0.343 2.863 1.81 15.89 
5 0.370 2.918 53.44 0.361 2.848 2.49 21.46 

TABLE IV 
COMPARISON OF MACROMODELING ApPROACH [1] AND MA-OMPt WITH CHANGED ELEMENT VALUES AND MODIFIED TOPOLOGY. 

Number of Number of Macromodeling (incremental) [1] MA-OMP Speedup 
Changed Extra Ports Runtime 
Blocks for Each Block (sec) 

1 20 42.04 
40 42.01 

2 20 46.22 
40 41.88 

C. The Ability of MA-OMPt to Simultaneously Deal with 
Changed Element Values and Modified Topology 

In this subsection, we demonstrate the ability of MA
OMpt to simultaneously deal with changed element values 
and modified topology. We build the test cases by changing 
the number of ports to mimic the topology modification in 
the global grid, and changing the element values and the 
topology of internal nodes for one or two blocks. The results 
are shown in TABLE IV and demonstrate that MA-OMPt 
can successively analyze the modified power grid network. 
Compared with the macromodeling approach [1], the speedup 
can still be an order of magnitude even increasing tens of ports 
in the global grid. TABLE IV also shows that, obviously, as 
the number of extra ports increases, the residual also increases. 
Hence, MA-OMPt needs more basis vectors to reduce the 
residual for maintaining the allowable accuracy level, and the 
runtime also increases. 

Finally, the nodal voltage distributions of power grid net
work after simultaneously changing its element values and 
modifying its topology are plotted from Fig. 9 to Fig. 11. Fig 9 
is the nodal voltage distribution of the top layer in tier 1 for 
the original power grid network. After the topology around the 
bottom left area is modified, and the element values around the 
top right area are changed, both the LU-decomposition based 
matrix solver and MA-OMPt analyze the modified power 
grid network. The results got by the LU-decomposition based 
matrix solver is drawn in Fig. 10, and the results estimated 
by MA-OMPt is plotted in Fig. 11. Compared with Fig. 11  
and Fig. 10, we can observe that MA-OMPt does catch the 
voltage variations, and the maximum error is only 3 m V. 

EAVG EMAX Runtime 
(mV) (mV) (sec) (x) 
0.145 3.116 0.29 144.97 
0.203 2.692 0.84 50.01 
0.201 2.318 0.48 96.29 
0.221 2.676 2.77 15.12 

V. CONCLUSION 

In this paper, we have presented a robust incremental power 
grid analyzer, MA-OMPt, by combining the macromodel
ing approach and a developed enhanced OMP-base method. 
The experimental results have shown that MA-OMPt can 
accurately, efficiently, and robustly analyze the power grid 
network after modifying its topology orland changing its 
elements' values. Therefore, MA-OMPt is very suitable to be 
the simulation kernel for the power grid design procedure. 
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Fig. 1 L Nodal voltage distribution after simultaneously modifying topology 
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