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Abstract— With the advance of nanometer technologies, the
process variations play important roles in integrated circuit
designs. The conventional corner value timing analysis becomes
less effective and grossly conservative.

Given a limited amount of measurement silicon data and
without any distribution assumptions, this work develops a
spatial correlation estimation methodology with the bootstrap
resampling technique to improve the extraction correctness of
the spatial correlation. By constructing the confidence interval
of the spatial correlation, the correlation between two path delays
can be got, and the high coverage rate for the true spatial path
delay correlation has been demonstrated from the experimental
results.

I. INTRODUCTION

In today’s fabrication processes, there are many process
parameters, including doping, gate oxidation thickness and
gate length, etc. The gate length variation is one major source
of delay variation. This is due to the fact that the gate
length variation affects the device at different steps throughout
the fabrication process, such as lithography dose variation,
focus variation and etch rate variation, etc. These accumulated
variations result in the electrical function far away from the
target. For example, the gate length variation can induce
threshold voltage shift, current change and timing delay. The
gate length has high correlation to its neighbors so the spatial
correlation needs to be considered. We develop a bootstrap [1]
resampling based method to discuss spatially correlated timing
delay caused by gate length variations.

SSTA is a desirable solution to the traditional worst-case
corner timing analysis which has become more and more con-
servative due to process variations [2]–[4]. The main challenge
of SSTA would be how to obtain an exact as well as efficient
statistical timing model. Considering process variations into
SSTA have been dealt in [5]–[9]. The difficulty in considering
spatial correlations between parameters is that it can result
in complicated path correlation structures which are hard to
deal with. The authors in [5] compute path correlations on the
basis of pair-wise gate delay covariance and use an analytic
method to derive lower and upper bounds of circuit delay. The
authors of [6] manipulate the complicated correlation structure
with the principal component analysis (PCA) technique to
transform the sets of correlated parameters into a set of
uncorrelated variables. The statistical timing computation is
then performed with a PERT-like circuit graph traversal [2].
The statistical timing analyzer in [7] imposes upper bounds
and lower bounds on the delay correlations. These bounds can
then be refined through learning the actual delay correlations

from the path delay testing on silicon. However, most of them
have the strong hypotheses about path delay modeling and
do not add process variation conditions into the modeling.
Authors of [8], [9] propose a practical implementation to
measure spatial correlation from test chips. It is good for huge
silicon data but may have the trouble for the data with small
size. In advanced technology, the process is not stable and
silicon data are precious. How to use the limited silicon data
to get the useful reference for spatial correlation modeling and
how to validate the modeling with the silicon data is a hard
topic.

Considering the spatial correlation into SSTA modeling is
more important when the feature size of MOS transistor scales
down to nanometer. Spatial correlations have been recognized
to have significant impacts on timing of design [10]–[12],
and the accuracy of SSTA analysis [5]. Therefore, how to
model and handle spatial correlations in SSTA is an important
research topic. Various spatial correlation models have been
introduced [5], [6]. They assume all delay distributions to be
Gaussian’s, and approximate the MAX operation of 2 or more
Gaussian distributions to be a Gaussian as well.

Our primary goal is to demonstrate that spatial delay cor-
relation can be accurately estimated, and shows how it can
be applied in test and diagnosis applications. Many papers
describe the process variation modeling but lack to account for
it into spatial correlations, and the existing literatures usually
approximate the timing model to be a specific distribution, for
example, a normal path delay distribution. Furthermore, the
amount of measurement silicon data usually is small; hence,
it is not easy to extract the spatial correlation accurately.

The bootstrap [1] is a useful resampling technique which
can be applied for a set of samples with a limited size and
does not need any distribution hypothesis from the fabrication
measurement data. By utilizing the bootstrap resampling tech-
nique [1] and different confidence interval estimation methods,
this work develops a spatial path-delay correlation estimation
methodology. With the proposed method, the information of
spatial delay correlation hidden in the limit measurement data
can be effectively extracted, and this estimated correlation can
be practically employed in SSTA.

The rest of this paper is organized as follows. Section II
describes how to the utilize path-based estimation methodol-
ogy with the bootstrap inference to construct the confidence
interval for estimating the spatial correlation. Then, section III
shows the experimental results. Finally, some conclusions are
drawn in section IV.
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II. BOOTSTRAP METHOD FOR STATISTICAL INFERENCE

Bootstrap proposed by Efron in 1979 [13] utilizes data
to simulate the sampling distribution for statistical inference.
Inferential statistics is one of many statistical analysis methods
which use known statistics (the characteristics of samples) to
make inference about unknown parameters (the characteristic
of population). Sampling distributions of sample statistics
(mean, variances, correlation coefficient) are the keys to the
statistical inference. The bootstrap method is the first devel-
oped mechanism for getting the sampling distribution by only
utilizing a set of samples with a limited size, and the procedure
for finding sampling distribution does not need any model
assumptions. For inference, the interval estimation is more
acceptable than the point estimate and hypothesis testing [14],
[15]. Generally, the confidence interval, based on Student’s
t distribution, is not appropriate because of the bias and
skewness. The maximum likelihood estimators are dependent
on an asymptotic distribution and may not be suitable for small
samples. Moreover, most sampling distributions are unknown,
bootstrap resampling is a solution to above issues. In the
following, we are going to present the procedure of bootstrap
resampling and describe how to construct the confidence
interval (the interval estimate).

A. Bootstrap

For an unknown population distribution function F , you
might want to estimate an unknown parameter θ of F . If
θ ≡ μ (μ is the mean parameter of F ) is the estimated
unknown parameter, one “possible” way is follows. Firstly, we
can draw many random samples from the population with each
sample size being n. Then, each sample mean 1

nΣ
n
i=1Xi can

be calculated. Here, each Xi is a sample point of that sample.
By collecting all the sample means, the sampling distribution
of sample mean μ can be obtained.

However, because of the limited measurement data and
human resource, the above procedure is not a suitable way
to find the desired sampling distribution. Bootstrap is a well-
known resampling based method for statistical inference. It
utilizes the inferential information to estimate unknown pa-
rameters. Instead of drawing samples from the population, the
bootstrap method suggests to draw more samples from the
existing sample set itself.

Based on the above concept, we use the mean distribution
estimation example shown in Fig. 1 to illustrate the core idea
of the bootstrap method. First, drawing a random sample from
the population with an unknown distribution F as the original
sample. This sample is denoted as X = (x1, x2, · · · , xn), and
the parameter θ = μ = g(F ) which is a function of F . This
original sample X can be used to estimate θ̂ = ĝ(X) and
determine the empirical distribution function F̂ . The F̂ is a
discreet distribution with the probability being 1

n on each xi

point, and it can be used to estimate F .
After drawing X , we can re-draw B samples X∗ =

{X∗
1 , X

∗
2 , · · · , X∗

B} by repeatedly sampling with replacement
from the original sample X = (x1, x2, · · · , xn) instead of
drawing more samples from the population. The size of each
re-sample is n which is equal to the size of original sample,
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Fig. 1. Bootstrap method flow (An example for θ = μ)

and each re-sample is called as a bootstrap sample. Sampling
with replacement signifies that after drawing an observation
randomly from the original sample, we put it back before
randomly drawing the next observation. Furthermore, given
B bootstrap samples, each bootstrap sample mean θ̂∗j can be
calculated. Then, the bootstrap distribution F̂b of a statistic can
be constructed by X∗. After that, the bootstrap distribution can
be utilized to estimate the sampling distribution Fθ. Based on
[13], we know that the bootstrap distribution gets close to
the sampling distribution if B is large enough . Finally, the
bootstrap distribution F̂b is used to estimate bias and standard
error as

Bb = θ̂∗(·)− θ̂ (1)

sb =
√
ΣB

j=1(θ̂
∗
j − θ̂∗(·))2/(B − 1) (2)

where Bb is the bootstrap bias estimation, sb is the bootstrap
standard error from B bootstrap values, θ̂ = g(X) is the
estimate from the original sample X , θ̂∗j = g(X∗

j ) is from
each bootstrap sample, and θ̂∗(·) = ΣB

j=1θ̂
∗
j .

Finally, a confidence interval for the tree mean is con-
structed to indicate how the sampling distribution is close to
the true distribution.

B. Confidence Interval
The confidence interval is more acceptable than the point

estimate because we would like to know a range of values
which have a high probability to include the true value of the
unknown parameter rather than a single estimate of parameter.
Any confidence interval has a particular confidence level
of a population parameter. If we would like to know 95%
confidence that the interval contains the true mean, we can
construct a 95% confidence interval for the mean. For example,
given the sample mean being 2, and the 95% confidence
interval being calculated as (1.6, 2.5), then we can say that
about 95% sure that the mean is between 1.6 and 2.5.

Many researches have been proposed for constructing boot-
strap confidence intervals [1]. Three most popular methods for
constructing the bootstrap confidence interval are discussed as
follows.
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1) Normal Method: In the beginning, B bootstrap sample
statistics are sorted.1 After that, the bootstrap bias estimation
Bb and bootstrap standard error sb are calculated by using (1)
and (2). Lastly, the confidence interval with (1−α) confidence
is constructed as[

θ̂ −Bb − z(1−α/2)sb, θ̂ −Bb − z(α/2)sb
]
, (3)

where z(1−α/2) and z(α/2) are standard scores which are
the 100(1 − α/2)-th and 100(α/2)-th percentile points of
the standard normal distribution, respectively. The confidence
lower bound (θ̂−Bb − z(1−α/2)sb) and the confidence upper
bound (θ̂ − Bb − z(α/2)sb) are the 100(1 − α/2)-th and
100(α/2)-th percentile points of θ̂∗, respectively.

2) Percentile Method: Similarly, given the sorted bootstrap
sample statistics, the confidence interval with (1 − α) confi-
dence of the Percentile method is defined as

[θ̂∗(c1), θ̂
∗
(c2)

], (4)

where θ̂∗(c1) and θ̂∗(c2) are the 100c1-th and 100c2-th percentile
points of {θ̂∗i }, respectively.

c1 = (B + 1)α/2, (5)
c2 = (B + 1)(1− α/2). (6)

The above formulae mean to throw out the lowest (B+1)α/2
values as well as the highest (B+1)α/2 values from the sorted
values of bootstrap sample statistics.

3) Bias-Corrected (BC) Method: Before introducing Bias-
Corrected (BC) method, let’s explain why BC method is
needed. The percentile method is never accurately met in
practice if the sampling distribution is skew. Therefore, the BC
method was proposed in [1] to correct the percentile bootstrap
through the bias-correction factor z0. According to [1], the
confidence interval with (1−α) confidence of the BC method
is defined as

[θ̂∗(c1), θ̂
∗
(c2)

], (7)

where

c1 = (B + 1)Φ(2z0 + zα/2), (8)
c2 = (B + 1)Φ(2z0 + z(1−α/2)), (9)

and

z0 = Φ−1

(
1

B

B∑
b=1

1{θ̂∗
b≤θ̂}

)
. (10)

Here, Φ(·) is the standard normal cumulative distribution
function, 1{θ̂∗

b≤θ̂} is an indicate function, zα/2 = Φ−1(α/2),
and z1−α/2 = Φ−1(1− α/2).

Each of above three bootstrap confidence interval estimation
methods can be applied to their corresponding case of mea-
sured data. The normal method is suitable for the case that the
measured data are nearly normally distributed. The percentile
method can be applied to the case that the standard error is

1Similarly, The rest two methods, Percentile method and Bias-Corrected
method, also have to sort B bootstrap sample statistics in their first step.

Fig. 2. The flow of spatial path-delay correlation estimation methodology
with bootstrap resampling technique.

unknown, or the distribution of measured data is not assumed.
The BC method is feasible for the case that the distribution
of measured data is not nearly symmetric, or the case which
the percentile method can not get a good estimate. In our
experimental results, all of above methods can achieve well
coverage rate under confidence 95%. No matter F is known
or unknown distribution, the bootstrap method works.

C. Spatial Path-delay Correlation Estimation with Bootstrap

The flow of spatial path-delay correlation estimation
methodology with bootstrap resampling technique is shown
in Fig. 2. Given a set of measurement path delay data from
a limited silicon samples, firstly, an original sample with
size n is picked. Then, B bootstrap samples with each size
being n are constructed by re-sampling the original sample
with replacement. After that, the Pearson’s spatial correlation
coefficient of each bootstrap sample is calculated, and the dis-
tribution of each spatial correlation coefficient can be built by
these Pearson’s correlation coefficients. Finally, the confidence
interval of estimated spatial delay correlation can be calculated
by different confidence interval calculation methods, and the
spatial correlation bounds can be obtained.

The proposed bootstrap based estimation methodology can
be applied for two purposes. First, the bootstrap resampling
can be employed to produce an approximated simulator for
statistical timing simulations. Secondly, this methodology can
be used as a vehicle to derive SSTA based on a limited
observed measured data in the production phase.

1) Path-base Spatial Correlation: Given two arbitrarily
paths Ps and Pt on a chip, then, their delay measurements
from n silicons are collected as Ds = (u1, u2, · · · , un) and
Dt = (v1, v2, · · · , vn). If the path delays of Ps and Pt form
a bivariate normal distribution, the spatial correlation of Ps

and Pt, rst, can be calculated by the Pearson’s correlation
coefficient as

rst =
Σiuivi − ΣiuiΣivi/n√

Σiu2
i − (Σiui)2/n

√
Σiv2i − (Σivi)2/n

. (11)
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Here, each rst is a measured path correlation and is a
maximum likelihood estimate [15]. If all path delays form a
multivariate normal distribution, the spatial correlation matrix
can be found out by this way. Pearson’s correlation coefficient,
rst, is often used to measure the association between two
sampled variables, X and Y , with each data size being n.
For binomial distribution data, Fisher’s transformation z =
0.5 log((1 + rXY )/(1− rXY )) yields z being asymptotically
distributed with variance 1/(n − 3). However, most cases
are non-normal data distributions and result in the normal-
theory-based intervals questionable. The experimental results
shown in section III demonstrate that Fisher transformation
(Fisher Z) confidence interval estimation method has the same
performance for the normal data distribution case but it is
not accurate for the non-normal data distribution case. The
bootstrap is a really good candidate to solve these problems.
It doesn’t require any distributional assumptions because it
uses the data to simulate the distribution. It can be utilized to
find a confidence interval for the correlation coefficient of two
path delays.

III. EXPERIMENTAL RESULTS

To demonstrate the effectiveness of spatial correlation ex-
traction by using the bootstrap resampling technique, the
extraction flow shown in Fig. 2 is utilized to estimate the
spatial path-delay correlation of a set of inverter trends. To
construct our simulated measured path delay data, we assume
that a chip is partitioned into K grids, and each grid contains
an inverter trend which has 900 inverters. All inverters have
the same size and same spacing. This kind of simulated chip
is called an inverter trend array and the schematic is shown
in Fig. 3. Based on [16], We add gate length variations to
the inverter trend for modeling the spatial correlation of gate
lengths. Then, the path delay data of each inverter trend of this
grid-based chip with a given spatial correlation of gate lengths
can be obtained by running the Monte Carlo method and
HSPICE to generate 100, 000 patterns. These delay data are
set as a set of golden (reference) values. For the comparison,
the gate lengths are assumed to be normal or non-normal
(Chi square) random variables. According to [16], the valid
correlation matrix Ω of spatial variation (a valid correlation
matrix must be a P.S.D matrix) and covariance cov(Fi, Fj)
can be obtained for the normal and non-normal gate length
variations.

The path delay distribution of the golden set is shown in
Fig. 4. Fig. 4 tells us that Inverter trend 1 and Inverter trend 2
have higher correlation than Inverter trend 1 and Inverter trend
3 because of the shorter spatial distance. In the following two
subsections, we will discuss the spatial delay correlations with
multivariate normal distribution (symmetric) and Chi square
distribution (non-symmetric) of gate length variations. Five
bootstrap confidence interval estimation methods–Percentile
method, Bias-Corrected (BC) method, Normal method, Nor-
mal method with outlier filter (normal method excluding
outliers with 3σ variations) and Fisher Z, are utilized to
calculate the confidence interval of the spatial correlation to
provide the bounds of the path spatial correlation for different
distances, and their precision with coverage rates is compared.

Fig. 3. Inverter trend array (K = 25).
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A. Spatial Path Delay Correlation with Multivariate Normal
Gate Length Variations

In order to deeply understand the correlation of gate length
variation and delay, we simulate a single inverter delay with
variations of the gate length, and the gate length distribution
is assumed to be normal. Its delay after HSPICE simulation
is illustrated in Fig. 5. Clearly, the delay is highly correlated
to the gate length variations.

After that, the simulated measurement data of an 5 × 5
inverter trend array are built by HSPICE simulation. Here,
their gate length variations are a multivariate normal distri-
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technique for an 5× 5 inverter trend array.
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bution with mean 65nm, and the valid correlation matrix is
set based on [16]. Then, 1, 000 samples are selected from
the golden set, and the bootstrap re-sampling procedure is
executed 3, 000 times. Four distribution histograms of delay
spatial correlations are shown in Fig. 6. The Inverter trend 1
and Inverter trend 6 illustrated in Fig. 3 are very close and
have the highest correlation. The correlation of Inverter trend
1 and Inverter trend 5 are lower because the distance between
them is far, and their histogram variation is also wider.

Furthermore, the results of coverage rates by using dif-
ferent bootstrap confidence interval estimation methods with
various numbers of bootstraps are shown in Fig. 7. Here,
the population size is 100, 000, the sample size is equal to
3, 000, and the confidence α is equal to 95%. As shown in
Fig. 7, we can find that the coverage rate is around 95% under
confidence α = 95%. The confidence interval coverage rate is
the probability that the confidence interval includes the true
parameter from the population. If the coverage rate is the same
as the stated size of the confidence interval, we can say that
the intervals are accurate, and it means that bootstrap-based
method is promised.

Fig. 7 shows that the bootstrap-based normal confidence
interval estimation method is better than others because of
the multivariate normal distribution assumption of gate length
variations. The Fisher Z confidence interval has the similar
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performance compared with bootstrap methods due to the
multivariate normal gate length variations. Fig. 7 also indicates
that the coverage rate is improved as the execution times of
bootstrap method increase.

Finally, the correlations of path delays v.s. ΔX distance in
x-direction and ΔY distance in y-direction are listed in Fig. 8
and Fig. 9, respectively. The ΔX is the distance between two
inverter trends in x-direction, and ΔY is the distance between
two inverter trends in y-direction. The path delay correlation
decreases as the path distance increases. We observe that the
confidence interval bound becomes tighter to the true value
as more bootstrap re-samples are used. As the trends get
closer, their bound also gets tighter. This is because the longer
distance means the smaller correlation, and more variations
between them are.

B. Spatial Path Delay Correlations with Multivariate Chi
Square Gate Length Variations

According to section III-A, the bootstrap confidence interval
has a good coverage rate for the true spatial path delay
correlation of the normal distribution case. However, most path
delays might not be normal distributions. In the subsection, we
utilize the Chi square distribution (non-normal) assumption
of a gate length variation to demonstrate the proposed path-
delay correlation estimation flow shown in Fig. 2. Here, the
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variations of gate lengths in the inverter trend array are mul-
tivariate Chi square distribution with mean 65nm and a valid
correlation matrix [16]. We use the bootstrap methodology
to re-sample the correlation coefficients of path delays, and
the result is shown in Fig. 10. The histogram shows that the
spatial correlation coefficient distribution of two path delays
is non-normal (skewed).

Similarly, 5 bootstrap confidence interval estimation meth-
ods are used under the 95% confidence. The coverage rates
are shown in Fig. 11. The bootstrap confidence intervals have
around 94.5% coverage rate in by using the BC, Normal,
Percentile methods but the confidence interval of Fisher Z is
only about 93%. This is because that the path delay is non-
normal distribution and the Fisher Z confidence interval is not
suitable. The correlations of path delays v.s. ΔX distance in
x-direction and ΔY distance in y-direction are plot in Fig. 12
and Fig. 13, respectively. The results show that the difference
between the upper bound and the lower bound is bigger than
the normal case because the data are skewed seriously.

IV. CONCLUSIONS

In this paper, the bootstrap resampling technique has been
utilized to construct an accurate estimation methodology to
estimate the spatial correlation of the path delay with a
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Fig. 12. Confidence interval bound v.s. ΔX . The gate length variations are
a multivariate Chi square distribution (skewed distribution).
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Fig. 13. Confidence interval bound v.s. ΔY . The gate length variations are
a multivariate Chi square distribution (skewed distribution).

limited measurement silicon data. From this way, we can get a
confidence interval for spatial correlation with a good coverage
rate. It has also been applied to the non-normal correlation
distribution. For the future work, we can select an initial
correlation matrix which falls into the bootstrap confidence
intervals and put the initial correlation matrix to SSTA models.
With the Bayesian theory or other learning methodologies, we
can use new the silicon data to adjust the initial correlation
matrix. After repeating this, we can get a converged correlation
matrix estimation.
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