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Abstract— This work introduces the concept of thermal yield profile
for the hot-spot identification with considering process variations and
provides an efficient estimating technique for the thermal yield profile.
After executing a mixed-mesh strategy for generating statistical poly-
nomial expression of the on-chip temperature distribution, the thermal
yield profile is obtained by a skew-normal based moment matching
technique. Comparing with the Monte Carlo method, experimental
results demonstrate that our method can efficiently and accurately
estimate the thermal yield profile. With the same level of accuracy, our
skew-normal based method achieves 215× speedup over the state of the
art, APEX [1], for estimating the thermal yield profile. Moreover, results
show that our mixed-mesh statistical polynomial expression generator
achieves 130× speedup over the statistical collocation based method [2]
and still accurately estimates the thermal yield profile.

I. Introduction

As the technology scales down toward the sub-90nm node, on-chip

power density increases rapidly and induces high operating tempera-

tures of chips. High operating temperatures generally increase delays

of gates/interconnects, enlarge on-chip leakage power and result

in uncontrollability of thermal runaway [2]–[4]. To ensure design

qualities such as performance, power consumption and reliability,

research works [5], [6] have addressed that thermal related issues

should be well concerned and taken into account during optimization

procedures of physical design.

Leakage power consumption is catching up with dynamic power

consumption in the deep sub-micron VLSI circuits (over 30% of

the total on-chip power consumption beyond the 90nm technology

node) [7]. Moreover, considerable physical parameter variations

induce substantial on-chip leakage power consumption variations.

Pang et. al. [8] pointed out that 8% process variations can cause

around 25% on-chip leakage power fluctuations. As indicated by [2],

[9], the on-chip temperature should be treated statistically since

on-chip leakage power variations lead to considerable temperature

variations; on-chip hot-spot locations might be drifted between

fabricated chips of the same design because of process variations.

Therefore, a statistical definition of hot-spot location should be given

for thermal-aware performance analysis and design techniques such

as [10], [11].

Although modern statistical thermal simulators provide mean and

variance profiles of the on-chip temperature distribution [2], [9], the

figure of merit for identifying statistical hot-spot locations is still

ambiguous. This work introduces and provides the on-chip thermal

yield profile to serve as a more meaningful figure of merit for

identifying the statistical on-chip hot-spot locations and providing

the thermal related cost to thermal-aware optimization engines such

as [10], [11].

The developed thermal yield profile estimation engine consists

of two steps. In the beginning, the statistical on-chip temperature

is approximated as a statistical polynomial expression. After that,

with the statistical polynomial expression, the on-chip thermal yield

profile is obtained by looking up the cumulative distribution function

(CDF) table of the moment matched skew-normal random variables.

One possible strategy to achieve the first step is to directly

utilize the simulation algorithms proposed in [2], [9]. However,

the efficiency bottleneck of integrating these method into thermal-

aware optimization engines is that they need to perform several

deterministic thermal simulations to generate the corresponding

statistical polynomial expressions for a design condition. Further-

more, existing thermal-aware optimization methods [5], [6], [10],

[11] require to execute numerous thermal simulations to get the

thermal related cost after an optimization step is accomplished.1 To

overcome the bottleneck of effectiveness for statistical polynomial

expression generators [2], [9] and to enhance the efficiency of our

on-chip thermal yield profile estimator for catching up with those of

deterministic thermal simulators (hot-spot estimators), a mixed-mesh

strategy will be developed in this work.

The rest of this paper is organized as follows. Section II describes

the concept and potential applications of the thermal yield profile,

presents the statistical electro-thermal problem for calculating the

thermal yield profile and reviews the simulation algorithm of [2].2

After that, the proposed on-chip thermal yield profile estimating

algorithm is detailed in section III. Finally, the experimental results

and conclusion are given in section IV and section V, respectively.

1In our experimental results, although the simulation algorithm stated in [2]
can obtain an accurate statistical polynomial expression of the on-chip temperature
distribution for a given placement in 2.47 seconds, it is relatively inefficient to
incorporate it into thermal-aware optimization engines.

2Although the simulation algorithm in [9] can also be incorporated into our
simulation framework, we adopt the simulation algorithm presented in [2] since it is
suitable for complicated leakage power models and takes into account the electro-
thermal loop with considering process variations.
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Fig. 1. PDFs of on-chip temperature values at two different positions (B and R) of
a die for indicating which one is the statistical hot-spot location.

II. Preliminaries

A. Concept and Potential Applications of On-Chip Thermal Yield
Profile

A.1. Concept of On-Chip Thermal Yield Profile

To identify possible hot-spot regions of a chip, its thermal yield
profile, Tyield(r,Tre f ), can be defined as the probability profile of
the on-chip temperature at arbitrary position r being at or less
than a reference temperature Tre f . Here, r is an arbitrary location

on the chip. To illustrate the thermal yield concept, Fig. 1 shows

two probability density functions (PDFs) of the temperatures at

two different positions (‘R’ and ‘B’) of a die. ‘R’ is indicated to

be more critical than ‘B’ by the conventional worst-case thermal

analysis. However, in presence of process variations, the thermal-

aware design must first tackle the location having the highest burned-

up probability because it might dominate the full chip reliability. The

location that more likely exceeds the tolerable temperature needs to

be well-concerned instead of the deterministic worst-case thermal

region. Hence, ‘B’ should be more critical than ‘R’ because it has

a smaller thermal yield, Tyield(B,Tre f ).

Instead of applying the thermal yield profile, one can realize

that the figure of merit for identifying statistical hot-spot locations

is ambiguous if only mean and deviation profiles are provided. If

only the mean profile (μT (r)) and standard deviation profile (σT (r))

of on-chip temperature distribution are provided, by utilizing the

Chebyshev inequality, a large temperature value is estimated to

ensure the 90% lower bound of thermal reliability, i.e. Tre f needs

to be μT (r) + 3σT (r) to ensure Prob(T (r) ≤ Tre f ) ≥ 0.9. Here, T (r)

is the statistical on-chip temperature profile. Since the Chebyshev

inequality does not always get a tight lower bound for any type

of random variable, Tre f might be an immoderately conservative

constrain for thermal reliability. This undesirable phenomenon can

result in the immoderate guard-banding for the circuit design.

A.2. Potential Applications of On-Chip Thermal Yield Profile

In [6], several existing thermal-aware placers have successfully

taken the temperature effect into account by using the deterministic

temperature profile as their thermal cost. Since the thermal yield is

a deterministic quantity, it can be treated as the thermal cost and

fed into the framework of [6].

Another potential application is to provide the thermal cost for the

multiple supply voltage assignment. In [10], the statistical on-chip

temperature profile has been taken into account for the multiple

supply voltage assignment but the thermal cost μT (r) + 3σT (r),

which can only ensure a 90% lower bound of thermal reliability

and might be immoderately conservative, was employed to ensure

thermal reliability. Since the thermal yield profile can point out the

most probable hot-spot location, the thermal cost adopted in [10]

can be replaced by the thermal yield profile as a more meaningful

figure of merit.

B. Statistical Electro-Thermal Analysis Problem

Combining the compact thermal model [12] and the statistical

power dissipation of each cell that is strongly influenced by channel

length L and oxide thickness tox variations, the on-chip temperature

distribution T (r, L, tox) can be governed by the following statistical

steady-state heat transfer equation.3

κ∇2T (r, L, tox) = −p(r, L, tox,T ), (1)

subject to the following boundary condition

κ
∂T (rbs , L, tox)

∂�nbs

+ hbs T (rbs , L, tox) = fbs (rbs ), (2)

Here, κ is the thermal conductivity of die, bs is the boundary surface,

rbs is an arbitrary position on bs, fbs (rbs ) is an arbitrary function on

bs, hbs is the heat-transfer coefficient on bs, and �nbs is the outward

normal to bs. p(r, L, tox,T ) is the power density profile consisting

of the deterministic dynamic power density profile pd(r)4, and the

sub-threshold leakage power density profile ps(r, L, tox,T ) and the

gate leakage power density profile pg(r, L, tox,T ) can be fitted by

using the least square fitting method with the HSPICE simulation

results.

Since L and tox are treated as random processes in the presence of

process variations, T (r∗, L, tox) is a random variable at an arbitrary

position r∗. With equations (1) and (2), we are going to estimate the

thermal yield profile of on-chip temperature.

C. Previous Work

The execution steps of simulation algorithm [2] for generating

statistical polynomial expression of the on-chip temperature distri-

bution are summarized as follows.

1) Transform the spatial correlated physical device parameters

such as L and tox into a set of uncorrelated normal random

variables by the Karhunen-Loève (KL) expansion, and assem-

ble these KL expanded random variables as a random vector

ξ = [ξ1, ξ2, · · · , ξNKL ]T .

2) Generate a set of sampled vectors,
{
ξ1, · · · , ξN

}
, for ξ by the

Smolyak sparse grid formula.

3) Obtain values of the device parameters such as Li(r) and ti
ox(r)

corresponding to each ξi by substituting ξi into the KL ex-

pansion formula and calculate each deterministic temperature

profile T (r, ξi) ≡ T (r, Li(r), ti
ox(r)) corresponding to each Li(r)

and ti
ox(r) by a deterministic thermal simulator.

4) Obtain statistical polynomial expression of the on-chip tem-

perature, T̂ (r, ξ), by the Newton interpolation with entries of

the set {T (r, ξi)}i=N
i=1

.

3Although the transient thermal analysis is important for analyzing the design
with different workloads, we leave it for our future work because the steady-state
temperature is more concerned in thermal-aware physical design engines such as [5],
[6], [10], [11].

4Actually, dynamic power is pattern dependent. Therefore, based on the similar
approaches with [2], dynamic power of each gate is obtained by using the average
dynamic power corresponding to all input patterns.
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Fig. 2. The flowchart of our on-chip thermal yield profile estimation.

Here, the deterministic thermal simulation needs to be executed

N times to generate a statistical polynomial expression of the on-

chip temperature distribution. The value of N is decided by the

accuracy requirement of Smolyak sparse grid formulation. As shown

in [2], the level-1 Smolyak sparse grid formulation is adequate for

an accurate expression of the on-chip temperature distribution, and

its explicit form at an arbitrary location r∗ of die can be written as

T̂ (r∗, ξ) =

NKL∑
k=1

(
ak(r∗)ξ2k + bk(r∗)ξk

)
+ c(r∗). (3)

Here, NKL is the number of KL expanded random variables, and ξk
is the k-th random variable in ξ. ak(r∗)’s, bk(r∗)’s and c(r∗)’s are

coefficients calculated by the Newton interpolation.

The number of deterministic thermal simulations, N, is equal to

2NKL+1 for generating the level-1 Smolyak sparse grid formulation

of the on-chip temperature distribution.

III. Proposed Thermal Yield Profile Estimation

The executing flow of our thermal yield profile estimation is

summarized in Fig. 2. Given the information of a design and physical

parameters, the mixed-mesh statistical polynomial expression gen-

eration is performed to generate statistical polynomial expression of

the on-chip temperature distribution. After that, the thermal yield

profile calculation step is performed as follows. In the beginning,

the first three moments of temperature distribution at an arbitrary

location of die are computed. Then, these calculated moments are

matched to the moments of a skew-normal random variable. Finally,

the thermal yield profile is obtained by looking up the CDF table

of moment matched skew-normal random variables.

The thermal yield profile estimation with utilizing the statistical

polynomial expression generation technique [2] will be described

in section III-A. Then, to enhance the efficiency, the thermal

yield profile estimation with the mixed-mesh statistical polynomial

expression generation technique will be detailed in section III-B.

A. Skew-Normal Based Thermal Yield Profile Estimation

As mention in section II-A, the on-chip thermal yield profile can

be defined as

Tyield(r,Tre f )
def
= Prob(T (r, ξ) ≤ Tre f ). (4)

With the above definition, the target is to estimate the CDF of on-

chip temperature distribution at each arbitrary location of a die. To

Fig. 3. PDFs of the weighted sum of two independent non-central chi-square random
variables.

achieve this goal, first, T̂ (r∗, ξ) at each arbitrary location r∗ can

be approximated as equation (3) by using the simulation algorithm

stated in [2]. After that, the CDF of T̂ (r∗, ξ) is estimated for

approximating Tyield(r∗,Tre f ).

APEX [1], a state-of-the-art method, can be adopted to efficiently

approximate the CDF of T̂ (r∗, ξ). Unfortunately, Padé approximation

is essential for APEX which does not guarantee to be stable. To

avoid the unstable issue, the technique presented in [13] can be

used to obtain the first two dominated pole/zero pairs for APEX.

However, it can only match T̂ (r∗, ξ) up to the first two moments.

Compared with APEX, our skew-normal based model can stably

match T̂ (r∗, ξ) up to the first three moments. The concept of skew-

normal based statistical modeling technique [14] is to approximate

a random variable with a skew but having the Gaussian-like prob-

ability density function (PDF) by matching its first three moments

with a skew-normal random variable. The reason why a skew-normal

random variable is suitable for approximating T̂ (r∗, ξ) is described

as follows.

With several manipulations, equation (3) can be re-written as

T̂ (r∗, ξ) =

NKL∑
k=1

ak(r∗)χk(r∗) + c̃(r∗). (5)

Here, χk(r∗) = (ξk + bk(r∗)/2ak(r∗))2 is a non-central chi-square

random variable because ξk is a normal random variable, c̃(r∗) =
c(r∗)−∑NKL

k=1
b2

k(r∗)/4ak(r∗) is a constant, and χk(r∗)’s are independent

because ξk’s are independent.

To explain the Gaussian-like property of T̂ (r∗, ξ), the sketches of

PDFs corresponding to two different cases for the weighted sum of

two independent non-central chi-square random variables are shown

in Fig. 3. In Case1, the skewness of PDF decreases because a

left-skewed distribution and a right-skewed distribution are moving

integrated. In Case2, the skewness of PDF increases because two

right-skewed distributions (or two left-skewed distributions, only

the right-skewed case shown in Fig. 3) are moving integrated.

Both integrated PDFs in Case1 and Case2 are Gaussian-like. Since

T̂ (r∗, ξ) is the weighted sum of independent non-central chi-square

random variables, T̂ (r∗, ξ) is a Gaussian-like and skewed random

variable. Therefore, the skew-normal random variable is suitable for

approximating T̂ (r∗, ξ).

After T̂ (r∗, ξ) is obtained, the thermal yield at each arbitrary
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location r∗ can be approximated as

Tyield(r∗,Tre f ) ≈ Prob
(
T̂ (r∗, ξ) ≤ Tre f

)
= Prob

(
ΔT̂ (r∗, ξ) ≤ ρ(r∗)

)
, (6)

where ρ(r∗) = (Tre f − μT̂ (r∗))/σT̂ (r∗), and ΔT̂ (r∗, ξ) = (T̂ (r∗, ξ) −
μT̂ (r∗))/σT̂ (r∗). μT̂ (r∗) and σT̂ (r∗) are the mean and the standard

deviation of T̂ (r∗, ξ), respectively; they can be efficiently computed

by the evaluating formula stated in [2].

The CDF of a skew-normal random variable, Z ∼ S N(υ, ω, α),

can be characterized by parameters υ, ω and α [14]. With these

parameters, the first three moments of Z are

E(Z) = υ + ωδ
√

2/π, (7)

Var(Z) = ω2(1 − 2δ2/π), (8)

Skew(Z) = (4 − π)(δ√2/π)3/2(1 − 2δ2/π)3/2, (9)

and δ = α/
√

1 + α2.

After matching the first three moments of ΔT̂ (r∗, ξ) with those of

Z, we have

δ(r∗) =

√√√√√√√ γ3

ΔT̂
(r∗)(

2(4−π)
2π

√
2
π

) 2
3

+ 2
π
γ

2
3

ΔT̂
(r∗)
, (10)

ω(r∗) =

√
1

1 − 2
π
δ2(r∗)

, (11)

υ(r∗) = −ω(r∗)δ(r∗)
√

2

π
, (12)

and α(r∗) = δ(r∗)/
√

1 − δ2(r∗). Here, γ
ΔT̂ (r∗) is the skewness of

ΔT̂ (r∗, ξ), and it can be efficiently computed using the binomial

moment evaluation algorithm [1].

With υ(r∗), ω(r∗), and α(r∗), Tyield(r∗,Tre f ) can be approximated

by the CDF of the moment matched skew-normal random variable.

Therefore, we have

Tyield(r∗,Tre f ) ≈ Φ(β(r∗)) − 2TOwen (β(r∗), α(r∗)) . (13)

Here, Φ is the CDF of the standard normal random variable, TOwen

is Owen’s T function [14], and β(r∗) = (ρ(r∗) − υ(r∗))/ω(r∗).
Based on equations (6)–(13), Tyield(r∗,Tre f ) can be evaluated by

the look-up table method after mean, variance, and skewness of the

temperature distribution at r∗ are approximated.

B. Mixed-Mesh Statistical Polynomial Expression Generation

As mentioned in section III-A, although the thermal yield profile

can be estimated by the look-up table method, the deterministic

thermal simulation needs to be performed N times to generate

the statistical polynomial expression. Hence, the total runtime for

obtaining the thermal yield profile is dominated by the statistical

polynomial expression generation. Therefore, we propose a mixed-

mesh strategy to speedup the statistical polynomial expression gen-

eration without sacrificing accuracy of the thermal yield estimation.

Our mixed-mesh strategy is inspired by following observations.

The statistical polynomial expression generation stated in [2] con-

sists of a deterministic thermal simulation for calculating the temper-

ature profile with nominal device parameters and N−1 deterministic

thermal simulations for calculating temperature variations corre-

sponding to the nominal temperature profile. The mean profile of

Fine-Mesh for the Nominal 
Temperature Profile Estimation

Coarse-Mesh for the Standard 
Deviation and the Skewness

Profiles Estimation

Mixed-Mesh for the Thermal Yield Profile Estimation

Fig. 4. The sketch of mixed-mesh statistical polynomial expression generation.

temperature distribution is dominated by the temperature profile got

from the first portion, and temperature profiles got from the second

portion contribute a large portion to variance and skewness profiles

of the temperature distribution. In practice, magnitudes of the mean

temperature profile are larger than those of variance and skewness

profiles of the temperature distribution since process variations of

the parameters are usually within a controllable range.

Based on above observations, the sketch of our mixed-mesh

strategy for generating statistical polynomial expression of the

temperature distribution is exhibited in Fig. 4. Since the mean profile

contributes major portion of the thermal yield profile, the nomi-

nal temperature profile is calculated by the deterministic thermal

simulation algorithm with a fine-mesh for preserving estimation

accuracy of the mean temperature profile. After that, the difference

between the maximum and minimum temperatures, ΔT max, for the

nominal temperature profile is extracted, and a allowable temperature

resolution value, Tres, is chosen. Then, a coarse-mesh with number of

girds NCM×NCM is utilized to execute remaining N−1 deterministic

thermal simulations. Here, NCM can be calculated using the criterion⌈
ΔT max/Tres

⌉
. After that, variance and skewness profiles of the

temperature distribution are approximated by using the statistical

polynomial expression generated by temperature profiles of the

coarse-mesh got from these N−1 deterministic thermal simulations.

Finally, the thermal yield profile is calculated by using these mixed-

mesh nominal, variance and skewness profiles of the temperature

distribution.

With the mixed-mesh strategy, the complexity of statistical poly-

nomial expression can be significant reduced. For example, in

our implementation, the deterministic thermal simulator [15] is

adopted to calculate the deterministic temperature profile.5 The

complexity for executing the simulation algorithm stated in [2] is

N × NFM × NFM × O(log NBase), and the complexity of the mixed-

mesh strategy is (NFM × NFM + (N − 1) × NCM × NCM)×O(log NBase).

Here, NFM × NFM is number of girds for the fine-mesh.

The complexity ratio of the mixed-mesh strategy to an efficient

deterministic thermal simulation algorithm [15] that executes once

with the fine-mesh is (1+(N−1)×(NCM/NFM)2). In our experimental

5The complexity to execute [15] is NMesh × NMesh × O(log NBase). Here, NMesh ×
NMesh is the mesh size, and NBase is number of its bases for expressing the
deterministic temperature profile. We choose [15] since it is faster than the high-
efficiency Green’s function based thermal simulator [16] that has been incorporated
into the thermal-aware placement [6]. As reported from [15], it took only 0.13s to
obtain the temperature profile of a chip with one million functional blocks over the
simulation mesh with NMesh × NMesh = 1024 × 1024.
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The Estimated Thermal Yield Profile of the MC Method The Estimated Thermal Yield Profile of Our Method The Estimated Thermal Yield Profile of APEX The Error Profile of the Estimated Thermal Yield 
Profiles between Our method and the MC Method 

(a) (b) (c) (d)

Fig. 5. Estimated thermal yield profiles of the MC method, our method, and APEX, and the error profile of our method. (a), (b) and (c) are estimated thermal yield profiles
of the MC method, our method, and APEX, respectively. (d) is the error profile of estimated thermal yield profiles between our method and the MC method.

results, an accurate thermal yield profile can be estimated with N =
53, NFM = 128, and NCM = 16 with setting Tres = 0.65°C. The

complexity ratio is 1.8125. Thus, the mixed-mesh strategy enhances

the efficiency of our thermal yield profile estimator for catching up

with those of deterministic thermal simulators.

IV. Experimental Results

Our thermal yield profile estimator is implemented in C++

language and tested on a Linux system with Intel Xeon 3.0-

GHz CPU and 32GB memory. The test chip and the settings for

variations of the device parameters are all the same with those

stated in [2]. The number of deterministic thermal simulations is

N = 53 for generating the level-1 Smolyak sparse grid statistical

polynomial expression, and a high-efficiency deterministic thermal

simulator [15] is employed to perform the deterministic thermal

simulation. With the criterion that the maximum error of the variance

is less than 1%, the Monte Carlo (MC) method result with 2 × 105

samples is utilized as the reference solution to verify the correctness

of our method. We also implement APEX to further demonstrate the

efficiency of our method. To avoid the instable issue, the algorithm

stated in [13] is implemented for finding the first two dominant

pole/zero pairs of APEX.

A. Thermal Yield Estimation

To compare accuracy and efficiency of our thermal yield esti-

mating method with those of APEX, the algorithm stated in [2]

is implemented to generate statistical polynomial expression of the

temperature distribution for them. The reference temperature Tre f is

set to be μ̄T +2.5σ̄T . Here, μ̄T and σ̄T are the average mean and the

average standard deviation of the on-chip temperature got by the MC

method, respectively. With different ratios of the with-in-die (WID)

and the die-to-die (D2D) variations for device channel length and

oxide thickness, the accuracy and efficiency comparisons between

our method and APEX are shown in TABLE I. In TABLE I, “RT”

is the runtime of our method or APEX for calculating the thermal

yield profile after the statistical polynomial expression is generated,

and “MaxError” is the maximum error of the results got by those

two methods comparing with that of the MC method.

As shown in TABLE I, both our method and APEX can accurately

provide the thermal yield profile, and our method is more accurate

than APEX. The result also shows that our method achieves 215×
speedup over APEX. It is due to two reasons. First, APEX needs

high order statistical moments to get a tight bound of its generalized

Chebshev inequality for the PDF/CDF shifting process. In our

implementation, it requires 9-order moments to achieve an accurate

TABLE I

Accuracy and efficiency comparisons of our method and APEX.

WID D2D Tre f Our Method APEX
Ratio Ratio RT MaxError RT MaxError
40% 60% 88.40oC 0.013s 1.63% 2.80s 1.97%
50% 50% 88.48oC 0.013s 1.52% 2.80s 1.90%
60% 40% 88.54oC 0.013s 1.41% 2.80s 2.32%
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Fig. 6. Estimated CDFs of the temperature distribution at position A in Fig. 5(d) of
the MC method, our method, and APEX, respectively. 59-order and 4-order moments
and, respectively

thermal yield estimate even though it only needs the first four

moments to build the first two dominant poles [13]. Second, after

the first two dominant poles are computed, APEX requires to solve

equations for obtaining zeros of the first two dominant poles to

construct its exponential model. Comparing with APEX, our method

only requires to look up the CDF table of the skew-normal random

variable for estimating the thermal yield profile after the first three

moments of temperature distribution have been computed.

Estimated thermal yield profiles of the MC method, our method

and APEX under 60% of WID and 40% of D2D ratios are shown in

Fig. 5(a)–(c), respectively. The error profile between the estimated

thermal yield profiles of our method and the MC method is shown

in Fig. 5(d). As we can see in Fig. 5(a)–(c), the thermal yield profile

indicates the thermal reliability at each different location on the die,

i.e. the smaller the thermal yield at a location is, the less reliable

the location is. As shown in Fig. 5(a), (b) and (d), the result of our

method matches with that of the MC method, and the errors between

our method and the MC method are within ±1.41%.

To further examine the accuracies of our method and APEX
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Fig. 7. The estimated thermal yield profile of mixed-mesh statistical polynomial
expression generation.

under different settings of Tre f , estimated CDFs of the temperature

distribution at position A in Fig 5(d) of the MC method, our method,

and APEX with the 9-order and 4-order moments for the PDF/CDF

shifting process are shown in Fig. 6. As shown in Fig. 6, the

CDF of our method fits that of the Monte Carlo method well.

However, the CDF of APEX with 4-order moments can not match

well with that of the Monte Carlo method. Moreover, APEX with

9-order moments does not provide accurate estimation under smaller

reference temperatures.

B. Mixed-Mesh Statistical Polynomial Expression Generation

In section IV-A, the size of the fine-mesh is set to be 128 × 128

for executing [2]. Under this setting, the runtime for executing [2]

is 2.47s. After the nominal temperature profile on the fine-mesh is

obtained, ΔT max is obtained as 10.1°C. The temperature resolution

Tres is set to 0.65°C for the coarse-mesh construction. Under this

setting, the size of the coarse-mesh is calculated as 16 × 16 for

executing remainder N − 1 deterministic thermal simulations. The

estimated thermal yield profile of our mixed-mesh strategy is shown

in Fig. 7. Comparing with the MC method, the maximum error of our

mixed-mesh thermal yield estimation is 2.28%. Comparing with the

algorithm stated in [2], the runtime of the mixed-mesh generating the

statistical polynomial expression generation is reduced from 2.47s
to 0.019s, and the runtime of the thermal yield profile estimation is

still 0.013s. Thus, the mixed-mesh strategy achieves 130× speedup

over the algorithm stated in [2]. Totally, the runtime for executing

the entire flow of the mixed-mesh thermal yield estimation is only

0.032s.

V. Conclusion and FutureWorks

In this paper, the concept of thermal yield profile has been

introduced, and an efficient estimating method for the thermal

yield profile is proposed. Comparing with the MC method, the

experimental results demonstrate that our estimating technique can

efficiently and accurately provide the thermal yield profiles.

Our ongoing works are to cast the developed method into thermal-

aware optimization methods such as [5], [6], [10], study the transient

thermal analysis with considering process variations, and investigate

process variation related thermal issues of three-dimensional inte-

grated circuits.
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